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STABILITY OF SPHERICALLY SYMMETRIC WAVE MAPS. 


J. KRIEGER 


Abstract. We study Wave Maps from to the hyperbolic plane with 

smooth compactly supported initial data which are close to smooth spherically 
symmetric initial data with respect to some /i > 0. We show that such 

Wave Maps don’t develop singularities in finite time and stay close to the Wave 
Map extending the spherically symmetric data(whose existence is ensured by a 
theorem of Christodoulou-Tahvildar-Zadeh) with respect to all < po 

for suitable Po(m) > 0- obtain a similar result for Wave Maps whose initial 
data are close to geodesic ones. This strengthens a theorem of Sideris for this 
context. 


1. Introduction 

Let {(x, y)|y > 0} be the hyperbolic plane, equipped with metric dg = ^ ^2 ^ , 
and let n > 1 denote the standard Minkowski space equipped with the metric 

dh = —dxQ+J27=i ^xi- We shall also use the identifications xq = t (time), dx^ = d^, 
1 / = 0,1,... ,n. A Wave Map from Minkowski space to is a map u : ^ 

which is critical with respect to the functional 


/R^+i 


^ datt, d u g dxQdxi • ■ ■ dx ^, 


where daU = Ut,{da), 9“ = and Einstein’s summation convention is in force. 

The Euler Lagrange equations of this problem read as follows: 

9‘'x 


□ In y = — - 


( 1 ) 


^ X + d,,yid''y. 

y y y2 

If n = 2, the fundamental Conjecture associated with this problem is the follow¬ 
ing, which flows from the intuition that the negative curvature of the target should 
prevent a focusing of energy in small spatial regions: 


Conjecture(e. g. Klainerman [10]) Let n = 2. Given smooth initial data (x, y), 
(ftx, dty) : R2 X {0} ^ H2 X TH2, there exists a global-in-time smooth Wave Map 
extending them. 


This is expected to be generalizable to arbitrary targets of negative curvature 
and satisfying some geometric niceness conditions. We stick in this paper to the 
H2 model on account of its simplicity. 

The difficulty in establishing the above conjecture stems from the fact that the 
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problem is energy critical, i. e. the natural scale invariant Sobolev space is exactly 
the energy space (the energy X]q=o + 11 ^^ 11^2 is preserved under the 

Wave Map flow). Establishing global regularity for such problems consists cus¬ 
tomarily of showing that smooth small data imply global regularity, as well as 
non-concentration of energy in physical space. The latter needs to depend subtly 
on the geometry of the target, since a priori analytic reasons cannot rule out a rapid 
shift of the energy from low to high frequency modes, resulting in sudden focusing. 
In the case n = 3, one expects breakdown of solutions for large data for analytic 
reasons (the scale invariant Sobolev space which in some sense controls the 
local well-posedness behavior is not controlled by the energy). We can formulate 

Conjecture: Let n = 3. There exist (large) smooth initial data (x, y), (9tx, dty) : 
R3 X {0} ^ H2 X TH^, which lead to breakdown in finite time. 

Breakdown solutions are known in 3 -I-1 dimensions, but only for special targets 
[3] not including the hyperbolic plane. 

The best result known at this point pertaining to the first Conjecture is the following 
theorem of the author [22], [23]: 

Theorem 1.1. Let n = 2,3,.... Then there exists e > 0 such that for smooth 
initial data (x,y), {dtx,dty) : R" x {0} ^ x satisfying 



there exists a smooth global-in-time Wave Map extending them. 

This is similar to earlier results of Tao [37] when the target is a sphere, as well 
as of Tataru [41] when the target is uniformly isometrically embeddable into a Eu¬ 
clidean space. Similar results in dimensions n > 4 for quite general targets were 
achieved by Klainerman-Rodninanski[15], Shatah-Struwe[27] as well as Nahmod- 
Stefanov-Uhlenbeck[24] after Tao’s initial breakthrough [36], [37]. 

Thus the preceding theorem does not yet exhibit behavior reflecting the geometric 
nature^ of . 

What we set out to do in this paper is to try to exploit features which appear to 
hinge on geometric properties of this target and set it apart from positively curved 
targets such as the sphere . We need the following definition: 

Definition 1.2. : We call a Wave Map u : R"+^ ^ M ’spherically symmetric’ pro¬ 
vided u{t, px) = u(t, x) Vx e R^ and p : ^ SO{2) the standard representation 

of S'! on R2. 

We shall use the deep results of Christodoulou-Tahvildar-Zadeh[5] on the asymp¬ 
totic behavior of spherically symmetric Wave Maps, valid for certain targets which 
amongst other things have no conjugate points, to conclude the following: 


^Paradoxically, the proof of this result involved extra complications over the case of target a 
sphere, on account of the fact that one needs to work with the derivative of the Wave Map, losing 
one degree of smoothness. 
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Theorem 1.3. (Stability) Let n = 2 and m[ 0] = (M(0),ftu(0)) : x {0} ^ 

H2 X TH^ be a smooth spherically symmetric Wave Map with compactly supported 
initial data. Then for any a > 0 there exists a number e > 0 such that for all 
initial data ■u[0] which are e-close to m[0] in there exists a smooth global in 

time Wave Map u extending ■u[0]. Moreover, u will stay close to u in the energy 
topology^ (in a suitable sense)globally in time. 

This is a type of ’large data result’, although of course there is still a smallness 
assumption present. As far as the case of target is concerned, a surprising result 
of M. Struwe [34] asserts that smooth radial data lead to global Wave Maps. This 
suggests the important question of whether these solutions are unstable: 

Cluestion(Instability?). Let u[0] : x {0} ^ x TS^ be large generic spheri¬ 

cally symmetric initial data. Is it true that for any a > 0, e > 0, there exist smooth 
initial data up] : R^ x {0} ^ S'^ x Twith the property that [[up] — ■u[0]jj//i+<T < e 
while^ the smooth Wave Map u extending u[0] locally in time breaks down after 
finite time? More precisely for any 6 > 0 

3T < oo ^ > 0 lim jj{t[t]jjjji+5x_f/'5 = oo 

Unfortunately, our techniques appear to have no bearing on this question. For 
example, we don’t know what the asymptotic behavior of Struwe’s solutions is. 

The key ingredient to prove Theorem 1.3 is the boundedness of a range of sub- 
critical Sobolev norms for large spherically symmetric Wave Maps: 

Theorem 1.4. .• There exists Jq > 0 such that VO < (5 < 5o and spherically 
symmetric smooth Wave Maps u : R^+^ ^ we have 

sup llu[t]ll/i-i+ixff'5 < oo 

t 

The proof of this will follow from the asymptotic results of [5], which in turn 
rely on a careful analysis of conservation laws associated with (1), (2). 

We shall then rely on the setup of [23], using the intrinsic derivative formulation 
(by differentiating (1), (2)) and passing to the Coulomb Gauge. The new difficulties 
by comparison with [23] concern nonlinear terms which are linear in the difference 
V [ft — u]. Working in the Coulomb Gauge, this corresponds to perturbing the ffat 
d’Alembertian □ with a potential term V which is in some sense quadratic in the 
derivatives of the spherically symmetric Wave Map. We shall show that the good 
decay behavior of the spherically symmetric Wave Map allows us to treat these 
terms as source terms, instead of having to modify the linear operator. However, 
the fact that we cannot just work with mixed Lebesgue type norms but complicated 
null-frame spaces will force simultaneous localizations in physical and frequency 
space on us, which make the argument quite intricate. These types of estimates 
might be useful when working on the general large data problem. Our analysis 
shall have as simple corollary a generalization of a result of Sideris[29] to n = 2: we 
define a geodesic Wave Map u{t, x) to be of the form u = 'y{v) where 7 (.) : R 
is a geodesic and Dv = 0. Then we have the following: 


^Indeed, even in a certain range of subcritical spaces 

^To define this norm, use ^ R® and use standard coordinates 
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Theorem 1.5. Let u{t, x) : be a smooth geodesic Wave Map. Then 

there exists e > 0 such that for all initial data {t[0] e-close to m[0] in there 

exists a global Wave Map extending m[0]. Also , u will stay close to u in the energy 
topology in a suitable sense. 

We also point out that due to a result of Shatah-Tahvildar-Zadeh [26] on the 
asymptotic behavior of equivariant Wave Maps, one expects a similar result for 
perturbations of large equivariant Wave Maps to hyperbolic targets. 

2. A PRIORI ESTIMATES FOR SPHERICALLY SYMMETRIC WAVE MAPS. 

For a Wave Map u = (x, y) : ^ H^, we define the norm ||M(t)||//o as 

||(x, y)||^, := ^ 

iy=0 ^ ^ 

We also introduce the following notation: r = i/xf + xf. Now let u{t, x) = (x, y) 
be a spherically symmetric Wave Map with compactly supported smooth initial 
data. Then we have 

Lemma 2.1. The image of the Wave Map belongs to a bounded subset o/H^. More 
precisely, we have 

l|lny||L~L~ < oo, ||-||l“L~ < oo 

The bounds depend (at most) on the size of the support as well as some norm 

||m[0]||^i+6, (5 > 0. 

Proof : We shall rely on the following Proposition in [5]: 

Proposition 2.2. (Chr.-Tah) Under the previous assumptions, the following in¬ 
equalities hold: 

f) 

’Good derivative ’: \ \ + | —^ | ^ (t-\-r)~i, d„ = dtdr 

y y 

’Bad derivative’: |—^| H—< (|t — rj + + r)~^, du = dt — dr 

By local well-posedness of (1), (2) in , s > 1, there exists a time interval 
[—r,T] with T = T(||m[0]||//o) on which we uniformly control || lny(t)||//<s, t G 
[—T, Tj. Given an arbitrary point (t, x) G at distance < from the forward 

light cone (say), connect it to a point in the strip \—T,T] x R^ by means of a 
null-geodesic 7 given by t — r = m = const. We have 

|9„y 3 

I-1 <{t + r) = 

y 

on 7 , whence 

[ i^idt < „ 

Jzn{t>T} y 

Combining this with the embedding C yields the claim for Iny for such 
points {t, x). Given a point (t,x) at distance > from the forward light cone, 
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connect it via a geodesic 7 : t + r = const to a point in the strip of thickness 
around the light cone. Using 



1 

2 


yields 

j y 

Thus the claim follows in general for Iny. With this, one proceeds similarly for x. 


The following is the main result of this section: 

Proposition 2.3. Let the assumptions be as in the preceding lemma. There exists 
eo > 0 such that VO < e < cq, there exists a global bound 

i /=0 iy=0 ^ 

where depends on the size of the support as well as the L'^-mass of finitely many 
derivatives of u[0]‘^ 

Proof : We shall need the following lemma, which is also due to Christodoulou- 
Tahvildar-Zadeh: 

Lemma 2.4. (Chr.-Tah) Introduce the vector fields S = tdt + rdr, O = rdt + tdr- 
For a smooth spherically symmetric Wave Map uft, x) : and e > 0, we 

have 

rHV-^[|9„^x| + |9„5y|] <00 


rl+'^v^ '^[|i9^0x+ |(9„ny|] < 00 
As a consequence, we conclude that 

|Va;,t5„x| + iWx^tdvVl < 

We shall in fact prove that the quantity 

A{t) := E 2'l'=l[||Pfc(lny(L .))llifi + \\Pk{^it, MlI 
kez ^ 

+ ||Pfca*(lny)(t,.)|U.+||P,(^)(t,.)|U.] 

y 

is bounded globally in time, provided 5 > 0 is chosen sufficiently small. We have 
introduced here the Littlewood-Paley multipliers Pk, k G Z, which localize the (spa¬ 
tial) Fourier support to dyadic size |^| ~ 2^. More precisely, let Xo(-) G C'o°(^>o) 
have support contained in ( 5 , 2 ) and satisfy 

E^o(^) = ^ ^>0- 

fez 


^We are being imprecise here. All that matters to us is the global bound as stated. 
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Then we define (see also [31]) Pkf for any / G T^(R-) via 

^ V ( 0 = Xo (^)/(0 


We need to show that A{T) < 1 + A(t)4>{t)dt where is integrable, in order 

to be able to apply Gronwall’s inequality. 

We first establish this for the contribution from Iny. Frequency-localize the 
equation (1), resulting in 


f) v 

UPklny =-Pk[——] (3) 

y y 

We observe that {dr+dt)x. apply a Littlewood-Paley trichot- 

y y y y ’ •’ ■’ 

momy: 


□Pfelny 


—Pk[P<k- 


10 - 


{dr - dt):> 


■Pi 


[fc-5,fc+5] ■ 


{dr + 9t)j 


p\r 


y 

{dr A dt)yi. 


n rn {dr-dt)^^ (5^ + 

~ -Wc[-i^>fc+10--^>fc+5-J 


( 4 ) 


We use the following terminology: P<a = Y.k<a Pk, a, k G Z, P[a,b] = Y.ke[a,b] Pk 
etc. We restrict ourselves to time interval [0,T], and let T —> oo. The general 
case will follow from time reversal symmetry. Applying Duhamel’s formula, we see 
that we need to control the norm of the right hand side 

by an expression 1 + A{t)</){t)dt. We may restrict ourselves to a time interval 

[c, oo] for some c > 0 (depending on the initial data), on account of local-in-time 
well-posedness and finite propagation speed. We estimate each of the terms on the 
right-hand side of (4): first assume k > 0. 

(i) The first term: We would like to place the 2nd input P[k- 5 ,k+ 5 ] into 

and the first input P<fc-io into This doesn’t integrate up, 

however. Placing the 2nd input into will work provided t is much larger 

than 2l^l, but not in the opposite case: Thus we subdivide 


Pk[P<k -10 


{dr - 5t)x 


p 


[fe—5,fc+5] ■ 


{dr + dt)x 




+ ^^2-U (^)Pk{P<k-10 


{dr - dt)x 


p 


[fc-5,fc+5] ■ 


y 

((9r + 9t)x 


where (j)>a{t), 4’<a{t) are smooth cutoffs to dilates of the regions t > a, t < a, 
adding up to 1. Also, C is a large number to be chosen. We can immediately 



Introduction 


7 


estimate 
-)(5fc 




{dr - 3t)x 


p 


[fc-5,fc+5] ■ 


{dr + 9t)x 


\LlLl 


^nSkwu 11 o (^r + 9i)x 

^ 2 ||i^<fc_io- - - \\L'i°Ll\\9^^^{t))P[k-5,k+5] - - - \\l \1 


This can be summed over k > 0 provided < ^- 

k 

Now we proceed to the case in which time is dominated by frequency, t < 2c. 
We shall distinguish between the region separated from the light cone, where we 
use lemma 2.4, as well as the region very close to the light cone, where we use 
Proposition 2.2 as well as Hoelder’s inequality: we decompose 


P 


lk-5,k+5] - 


{dr + dt)x. 


= Plk-5,k+5]{i’>±{\t\ - kl) 


{dr + 


+ -P[fe-5,fc+5](V’|>.>2-»‘'=(l^l ~ 

y 

+-P[fe-5,fc+5] (V’<2-»‘'= (h ~ F )-) 

y 

where the smooth cutoffs 'ipy±{.), 7/>t ^ > 2 -»‘'=(-)) V'< 2 -a‘*’(-) add up to 1 and localize, 
respectively, to dilates of the regions indicated in their subscripts. We let /i be a 
small positive number to be chosen. We have 

2^'^\\<P^^^{t)Pk[P<k-io^^^-^ 

<2C y 


-P[fc-5.fc+5] (■*/'>! (1^1 - -^)]||LiL2([c,r]xR2) 


<2(^-dk f 

J c 


{dr - dt)yi 


||P[,_5.fc+5]V.(V^>|(|t| - 


Now using lemma 2.4 as well as Proposition 2.2 
I |.P[fc— 5,fc+5] (1^1 ~ l^^l) 




\Ll 


This implies, reiterating application of Proposition 2.2 
{dr - 9t)x 


-i<5fe I 


<2<7 


k {t)Pk[P<k-W- 


P[fc_5.,+5](V'>|(|t| - kl)^^^-^)]llLjLS([c,T]xR=) 


< f t-idt, 

J C 
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which can be summed over A: > 0, provided (5 < 1. Next, we estimate 




{dr - 9t)x 


^[fc-5,fc+5](V’|>.>2-K*^(|A| - -^)]llLjL2([c,r]xR2) 




\LrLi 


(^d “ 1 “ d 

5,fc+5] ^X ('^|.> m-\x\ y ^ )\\LiLrii c,T]xR2) 


y J c 


t ^dt. 


We can sum here over k provided ^ + S < 1. Finally, we calculate using Hoelder’s 
inequality as well as Proposition 2.2 


■)Sk I 


'>^^^{t)Pk[P<k-io 


{dr - dt)^ 


P[k-5,k+5] (V'<2 — t^k (|t| - hl)^ ’’ )IIl;L2([c,T]xR2) 


< min{T, 2^ }2^'= | |P<fc-io \ \l^ \ |P[fc-5,fc+5] {i^< 2 -.^{\t\ - h|) 


{dr + dt)x 


\Ll 


This can be summed over fc > 0 provided we have 5 + p < ^. Combining with the 
conditions obtained earlier, namely <5 < ^ as well as 5 + /i < 1, we get d < p 

(ii) The 2nd term of (4) . This term appears immediate on account of Proposi¬ 
tion 2.2. Formally 

oifeiinrn {dr-dt)x^ {dr + dt)^^^^ 

^ Ik fcK[fc_io,fc+lo]-^<fe+15- JIIlJL 2 ([c,t]xR 2 ) 


rT 


< 


J A{t){l + t) ^dt 


We have to argue more carefully here since du involves dr = ^dxi + ^dx^- De¬ 
compose 

Pk{^) = Pk[P<k-io{y)P[k-w,k+io]{^) 

+-P[fc-10,fc-l-10] (-)^<fe+i5(-)-|-P>fe+lo(-)^>fe+5(-)] ^ ^ 

L ’ J ^ y 'p y 

+ similar terms 


The first term in this Littlewood-Paley trichotomy is estimated exactly as before, 
so we treat the 2nd and third term. Let Xo(-) G C'“(R>o) be the cutoff used for 
the Littlewood-Paley localizers Pk ■ We note that 

P,{^){x) = 2^^ [ :^(2hx - y))f^^dy = 2^'= / - ^]dy 

r Jr 2 \y\ Jr 2 \y-x\ hi 
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On account of the inequality 




we get, using the rapid decay of y ^ ^(2^?/) outside of a disc of radius ~ 2 


\Pk{y){x)\ <min{^,l}. 


We introduce another cutoff which smoothly localizes to a dilate of the 

disc B^_k (0) centered at 0 = (0,0). We then decompose 


^’fc[-P[fc-10,fc+10] (— )^<fe+15(-)^<fe+i5-] — 


Pk[x^- ^ i^)Blk-10,k+10] { — )P<k+15{ -)^’<fe+15--] 


Using Proposition 2.2 and Hoelder’s inequality, we get 

2‘^*||-Pfc[X2-| (^)^[fc-10,fc+10] (~)^<fe+15(-^)^’<fe+15-^]||LiL2 
<2^'=||X^_.(x)P[fe_io.fc+10](y)l|LrL2||P<fc+15( —)P<fe+15 —I 


\L}LZ 


On the other hand, using the preceding calculations as well as Proposition 2.2 
get 


we 


2'1|i^fc[(l-X2^t(dmfc-10.fc+10](y)^<fe+15(^)P<fc+15^]||L;L2 

< 2^^= 11 (1 - . (:r))P[,_io,fc+io] (y) I Uri- 

||^'<fe+15(-^)||L“Lj||P<fc+15^-||LiL~ 

Since we have to choose S < j, both can be summed over fc > 0. The case cor¬ 
responding to the third term in (5) as well as the remaining terms are handled 
analogously. 

(hi) The third term of (4): We can write 

Pk[p>k+io{^)p>k+,{^)] = E mPiA^)PiA^)] 
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Next, we estimate, using Proposition 2.2 

/i>fc+10, |/i-i2|<5 ^ ^ 

ii>fc+10, |ii-i2|<5 ^ 

and one can sum here over both li, fc to obtain the upper bound <1+ A{t)t~idt. 
We have to argue for as in (ii). This completes the estimates for case fc > 0. 
For the case fc < 0, we have for M > 6 

(9„x5^x . a^^x ^ 

\\Pk[ -lllrir2 < 2 m II- 


y y 




1 rM S', 2 M . 


We have used Bernstein’s inequality which states that for any rectangle R C 
and smooth cutoff XR supported in R we have® 

\\p~^{xRpf)\\Li ^ I^I^”"II/IIl£, p<q- 

Also, the the estimate for follows from interpolating between the decay 

estimate for ||^^(t)|boo and energy conservation. 

y a; 

The estimates for are similar: we have by the same reasoning as before 


sku-D r^^y^^y + ^i^xS'^x 




\L\Ll([c,T]y.H?) 


< 1 


A{t)t ^dt 


kGZ 


Now as for the nonlinearity on the right hand side of (2), the small frequency case 
A: < 0 follows exactly as above from the boundedness of see lemma 2.1. As for 
the large frequency case, we have the usual frequency trichotomy 


Pk- 


X d^yd'^y + d^xd‘'x 


] — -Pfe[-P[fe- 5 ,fc+ 5 ]( —)-P<fe-lo[ 


di,yd''y + di.xd'^x 


y y 


We need 

Lemma 2.5. The following inequality holds: 


^ 2 ®'=||P,V.(-)(f)||Lj<A(t) + l 
fc >0 ^ 

Proof : Call the left hand side B{t). Note that 


Bit)<Ait) + j22^'^m{-^m\\L. 

( ^ V V ^ 

k>0 ^ 


^We denote the spatial Fourier transform of /(fr) either by / or Tj. 
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We have the frequency trichotomy 

Pk[^^]=Pk [P<k-10 ( ^ )P[fe-5,fc+5] ( ^ )] 

+ Pfc[P[fc-10,fc+10] (—^)P<fc+ 15 ( —)] + Pfe[P>fe+lo(—^)P>fc+ 5 ( —)] 

y y y y 

The estimate is immediate for the 2nd term on the right hand side. As to the first, 
we have 

2^'=||Pfe[P<fc_10(^)P[,-5,fc+5](^)]WllL= 

<2(^-l)'=||P<fc_10(^)|k~||V.P[fc_5,fc+5](^)(t)|U= 

One can also estimate this term by < 2"^* from energy conservation and lemma 2.1. 
The estimate for the third term in the preceding trichotomy is similar. We conclude 
that 

Bit) ^ Mt) + T. 2"‘+i: 2(S-^)kB(t) 

0<k<C k>C 

Choosing C large enough, one obtains the claim of the lemma. ■ 


Armed with this, we now have (we may assume k > 10) 




dvYd''y + d^xd''x 




Using Proposition 2.2 as well as the preceding lemma and summing over k > 10, we 
bound this by < 1 + A{t)t~idt. The estimate for the third term in the frequency 
trichotomy preceding the last lemma is more of the same. Thus we get 

kez y y Jc 

Using Duhamel’s formula, we get 

V2^l'=l[||PfeV,,(-)(T)|U2 + \\P,dt{-)iT)\\r^2j <1+ r A{t)t-idt 
tz y “ y - Jc 


We need to estimate ^(T), which differs from the preceding by ^^(T). For 
frequencies > 0 , this is estimated as in the preceding lemma, observing that we 
already improved the estimate for || —(T)||i 2 from the preceding estimates (i)- 
(iii). The only case not yet covered concerns small frequencies. However, we have 
for fc < 0 


Pk[-—] = Pk[P[k-5,k+5]i-)P<k-10i — )] 

y y y y 

+ Pfc[P<fe+15( —)P[fc-10,fc+10](—^)] + Pfc[P>fe+5( —)P>fe+lo(—^)] 

y y y y 
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Then 

^ I \P, (XZ)] (T) 11^. 

k<0 ^ ^ 

<^2^i'=i||P[fc_5,fc+5](-)llL~||P<fe-io(—)(r)|U., 
fc <0 ^ ^ 

which in turn is bounded by < 1 + fj' A(t)t~idt, as is easily® verified. The estimate 
for the 2nd term is immediate and the estimate for the third term as follows: 

^ 2^i'=i||Pfe[p>fc+5(^)i^>fc+io(^)](r)|h| 

feez<o ^ ^ 

^ E E m[PiA^)PiA^)]{T)\\Li 

k^Z^Q /i>fc+10, 1^1 — 

fcez<o ii>fc+io, |ii-/2|<5 ^ ^ 

One verifies easily from the preceding estimates that this is < 1 + A(t)t~idt. 
Putting all of these ingredients together, we obtain 

pT 

^ 1 + J A(t)t~^dt. 

The desired upper bound now follows from Gronwall’s inequality. ■ 


Corollary 2.6. Let N{Vx, Vy, x, y) denote any one of the nonlinearities oeeuring 
on the right hand side of (1), (2). Then for d as in Proposition 2.3, we have for 


5<i 


^2^l'=l||FfefV(Vx, Vy, X, y)||iiL 2 ([_T.T]xR 2 ) < oo 


fcez 

This follows from the preceding proof and time reversal symmetry. In the same 
vein, we have the following lemma: 

Lemma 2.7. Choosing 6 > 0 small enough, we have the inequality 

^2^l'=l||PfciV(Vx, Vy, X, y)||^,^.i <oo 
fcez * 


du'x. 

y y 

the cases k > 0 and A: < 0. In the first case, estimate 
2^'=||PfclV(Vx, Vy, X, y)|| 

In the 2nd case, estimate 

2-^'=||PfclV(Vx, Vy, X, y)|| 


Proof: We work with A^(...) = the other cases being similar. Divide into 






< o(-S+^-k)ku i^t ^’■)^ | 

y 


(5t + ar)x ^ 

--- UL^Li-A^'- 


®Use Bernstein’s inequality. 
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We have used here that 


{dt + 




which follows from interpolating between Proposition 2.2 and energy conservation. 
Choosing 5 < ^ ^ results in the claim of the lemma. ■ 


3. The perturbation argument 

3.1. Precise statement of theorem. Outline of the procedure. The formu¬ 
lation ( 1 ), ( 2 ), while good enough for the purposes of the last section, will not 
suffice for us here^. Instead, following the procedure in [23], we shall pass to the 
derivative formulation of the problem, and translate everything into the Coulomb 
Gauge. More precisely, introduce the variables (j)}, = to 

complex notation (j)^ = (j)]^ + and revert to the Coulomb Gauge by introduc¬ 
ing the variables ^ Qjie gets the following remarkable 

self-contained divergence curl system: 

1=1.2 i=i,2 ( 6 ) 


d.r = ir^-^ E (7) 

1 = 1.2 

From these one easily deduces the following system of wave equations: 

2 

□ V'a E - V'^V']]] 

1=1 

2 

- *9^[i/’/3A-i E - AlA]]] (8) 

1=1 
2 

+ id^ E • 

1=1 

As in [23], these in conjunction with the underlying first-order system ( 6 ), (7) 
shall form the basis for our estimates. We can now give the precise version of 
Theorem 1.3: 


Theorem 3.2. Let u : R2+1 ^ h2 be a smooth spherically symmetric Wave Map 
with compactly supported (large) initial data. Let be the derivative compo¬ 

nents in the Coulomb Gauge. Then for any // > 0 there exists e = e(u, ^) > 0 such 
that for all smooth initial data w[0] = (w(0), (9iw(0)) with ||(w — w)[0]| 

^It appears that the fact that we impose stronger control over u than just the energy (indeed 
stronger than a Besov norm) should allow us to work with the original coordinate formulation, 
see e. g. [40]. However, it appears that the bilinear null-structure in (1), (2) is not good enough 
to obtain the gains in time we shall need, see Proposition 3.17. Indeed, proving an equivalent of 
this Proposition for the bilinear expressions appears to require time decay (in the sense that the 
norm evaluated on the function truncated to large times decays) for norms such as ||u|| i , 

which already fails for free waves. Moreover, our proof will actually reveal that one gets an honest 
i^^-stability result provided one restricts oneself to large enough times. 
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there exists a smooth Wave Map u extending ■u[0]. Also, u will stay close to u in 
the sense that 

supIKV"!^ - ^ e 

t 

The proof of this shall consist in analyzing the wave equation satisfied by the dif¬ 
ference Sipi, := ipv — 'ipiy. Subtracting the wave equations for and eliminating 

the results in terms linear, quadratic and cubic in As these expressions have 
no apparent null-structure in them, we shall revert to the device of a Hodge-type 
decomposition used already in [22], [23]: we shall write -ipi, = + Xi' simi¬ 

larly for where we impose the condition X]i=i 2 ^iXi = 0- Note that this results 
in a similar decomposition for dipu. One easily deduces an elliptic div-curl system 
for x^, Xu, from which one deduces the schematic identities Xv = 
etc., where the operators stand for linear combinations of operators of the 
form A~^dj. Plugging these ingredients back into the wave equations satisfied by 
the d'lpv and eliminating all ipu results in trilinear null-form terms as well terms of 
higher degree of linearity, either linear or of higher degree in the 5ipu- All of this is 
just like in [23]. Terms which are at least quadratic in the Sipu can be treated just 
as there, using the fact that Corollary 2.6 shall allow us to retrieve all the necessary 
estimates about 'tpu- The only added difficulty comes from the terms linear in 6'4’u- 
One way to think of these is as an extra driving term added to the flat operator □. 
However, the very good decay estimates satisfied by the tpu shall allow us to treat 
these terms as source terms instead. The added difficulty over [23] we encounter 
here has to do with the fact that we need to gain explicitly in time. This will force 
us to localize simultaneously in physical and frequency space. In fact, we shall use 
a kind of wave packet decomposition to get the necessary estimates. The next two 
subsections provide the technical setup. In the same vein as the preceding theorem, 
we have 

Theorem 3.3. Let u : R2+1 ^ H2 be a smooth geodesic Wave Map with compactly 
supported initial data. Then for any p, > 0, there exists e = e{u, /i) > 0 such that 
for all smooth initial data m[0 ] = {u{0), dtu{0)), with ||(u — m)(0)||//i+mxHa‘ < 
there exists a smooth Wave Map u : extending {([0]. u will stay close 

to u in the sense that sup^ \ \(pfu — ^ £• 

3.4. Sobolev type spaces. We commence by introducing the functional analytic 
framework of [40], [37], [23] which we have to rely on to run the perturbation 
argument. We recall the Littlewood-Paley multipliers introduced in the previous 
section: 

KfiO = ao(P)/(6, 

for a suitable cutoff Xo(-)' These are not flexible enough, and we also introduce 
the multipliers Qj which localize the space-time Fourier support to dyadic distance 
~ 2^ from the light cone: letting 

x)dtdx 

./r2+1 

denote the space-time Fourier transform, we let 
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where xo(-) is as for the Pk’s. We note that these definitions entail the identities 

^ Pkcj, = QA = <^, <^ G 5(R"+b. 
feez jez 

We have the basic inhomogeneous Sobolev spaces , and their homogeneous coun¬ 
terparts H^: 

m\h‘ = ^ + mIh^ = 

Note that the space is defined as completion of 5(R^) with respect to the first 
norm. Trying to do the same for leads to difficulties (one gets not necessarily 
locally integrable functions). We shall only work with smooth functions anyways, so 
we only care about 11 ■ 11 ■ These norms are not flexible enough, and we also need 

the spaces of Klainerman-Machedon as well as their (’frequency localized’) 
homogeneous Besov analogs(again only as norms): 

M\x‘.o ■= 

:= c < oo 

jez 

:=2“'=sup[2'’^||Q,0|L.i.] 
fc jez 

We shall always have b — The latter norms can be assembled to ’global versions’, 
most naturally via 

M\x 

The most intuitive way to think about the etc is to view them as superpositions 
of ’twisted free waves’, gotten by foliating space-time by cones ||r| — |^|| = A. One 
has the representation (see [17]) 





where = 0 and 


(t>= [ (t)xe^*^dX, 

JAeR 



More generally, the Strichartz estimates (see e. g. [9]) imply that the following 
embeddings hold: 
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where - + tw < j. Similar embeddings hold for the ’subcritical spaces’ X®’®. We 
shall need slightly shrunk versions of the spaces etc. which give stronger 

control for the ’elliptic regions’ far away from the light cone. For example, we have 
the norms (see [17]) ||.||;t'o,e, which are defined via 

Similarly, we introduce the space 7f® defined as the completion of 5(R^) under the 
norm 


IIV’IIho := IIV’IIh^ + 


3.5. Tataru’s null-frame spaces. This subsection also summarizes material ex¬ 
pounded in greater detail elsewhere (e. g. [37], [22], [23]). The spaces X®’® and 
their homogeneous Besov counterparts are unfortunately only part of the story. 
This has to do with the fact that even the strongest homogeneous versions of these 
norms (the norms jj.jj i) do not yield good algebra type estimates, due to log- 
arithmic divergences in low frequencies. A solution to this problem is given by 
’spaces’ incorporating Tataru’s null-frame spaces. We present here a hrst version 
of spaces that overcome this difficulty. We shall construct norms [[.[[s assembled 
from a family of ’frequency localized’ norms ll.ll5[fc]: 


M\s 




2 

S[k] 


fcez 


The norms [[.[[sfA;] in turn are gotten as in [23]: they are constructed to satisfy 
IMI .o,J,oo < ll•lls[fe] ^ ll•ll We arrange that the norms are invariant under 

the natural scaling operation associated with derivatives of Wave Maps in 2 -|- 1 
dimensions, since we shall be working at the level of the derivative. The precise 
definition of S']/::] is complicated: we first construct norms ll.lls[fc,K] associated with 
every integer k and cap k C S^. To do so, we introduce null-frame coordinates 
{tuj, Xuj), oj G , on space-time, whose definition is as follows: 






Xuj = {t,x) - 


Thus these are Cartesian coordinates with respect to a tilted reference frame, whose 
’time axis’ with direction -^(l,u;) lies along the light cone. Now we introduce 
the space PW[k] defined as the atomic Banach space whose atoms are Schwartz 
functions i/' G 5(R^+^) satisfying 


inf IIV’IIl? < 1. 

where «; is a slightly grown version of k (say by a factor i^) concentric with it. 
Thus for Ip G 5(R^“''^),we have 

IIV’IIpivm ^ inf WpJu^WL^r^duj 
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Moreover, we put for ip as above 


IIV’IUfam* = sup dist(w,F)||'i/'|U~L2^ 

<jJ^2k ^ ^ 


Now we put 


IIV’lls[fe,K] = + 2 ^\ k \ HIV’IIpivm + IV'IUfam* 

This definition immediately entails the following fundamental first bilinear inequal¬ 
ity 


LiLl 


I / I — O 


dist(/v, k') 


'h 


(9) 


provided 2Fn2K' = 0. We now construct the norms ||V'lls[fe] by evaluating suitably 
microlocalized pieces of ip with respect to the ||•||s[fe,K]) taking a suitable mean and 
combining this with ||.||^a,b,c type norms. The null-frame norms may be thought 
of as controlling the ’free wave-like’ character of ip, while the remaining norms may 
be thought of as controlling the ’elliptic character’ of ip. 

For every integer I < —10, subdivide 5”^ into a uniformly finitely overlapping col¬ 
lection Ki of caps K of diameter 2b Also, for every integer A with —10 > A > b 
we subdivide the angular sector e R'^lj||' ^ l?l ~ 2^} into a uniformly finitely 
overlapping collection Ck,K,\ of slabs R of width 2^+'’'. We introduce various local¬ 
ization operators associated with these regions: for each k G Ki, choose a smooth 
cutoff a„ : ^ R>o supported on a dilate of k. These are to be chosen such 

that introduce cutoffs TOfl(.) : R>o ^ R>o such that 

the cutoff TOfl(|^|)a„( ill) localizes to a dilate of the slab R. Also, we require that 


^ReCk,, 

Pr^- 


RT'rH^I) = Xo(W)- We have the associated pseudo differential operator 


PRi^it, 0 = "ifl(l?l)aK(||| 


We also have the 'I'DO’s Pk^K associated with multiplier aK(|||-)Ao(^)- Then, 
almost® as in [23] we define 


IIV’llsW ■ = \\^\\LrL^ 






-bsup sup sup |A| 

± Z<-10-10>A>Z 

HGCk,K,\ 

This norm looks very complicated, but it isn’t too hard to get control over its 
ingredients. A fundamental inequality [23] for example states that 


\\PkQ<k+oii)M\s[k] < IlftV’ll 


X,. 


( 11 ) 


^The original definition also contained a norm \\PkQ>k^t^\\ _i^i • Inspection of the 

- H 

proof there yields that this is superfiuous, though, since the norm ||.|| _i _i 2 suffices for the 
elliptic estimates. 
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We also need a norm ||.||Ar with respect to which we evaluate the nonlinearities of 
our wave equations . We shall put 

ll^lk := 

where the iV[A:] will be constructed as atomic Banach spaces. More precisely, we let 
fV[A:] be the atomic Banach space whose atoms are Schwartz functions F € 
with spatial Fourier support contained in the region |^| ~ 2^ and 

(1) 1 ^ modulation < 

(2) F is at modulation ~ 2^ and satisfies < 25 2^. 

(3) F satisfies ||F|| < 1- 

(4) There exists an integer I < —10, and Schwartz functions Ff^ with Fourier 
support in the region 

{(r,e)| ±T > 0, I |r| - 1^1 |< 1 g ±4 

with the properties 
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(b): Bilinear null-form estimate: let Ri, denote the Riesz type operator . 

For 0 < p < 4, we have 


10 


\\Pk[RlPki'f’lR2Pk2f’2 - R2Pkii’lR2Pk2i’2]\\xP--P''^ 


min{fci .feo.fcd - 1 —r 

<cp2 —^— n wPkMiki 


(13) 


\\Pk[RiPki'ipiR,2Pk2i’2 - R2Pkii’iR,2Pk2'f’2]\\xP'-P’‘^ 


n minffci ,feo,fe| - 1 —r 

<Cp\k-ki \^2 —^— j] m.f’iWsik,] 


(c): Trilinear null-form estimates: these arise upon formulating the derivative wave 
equations in the Coulomb Gauge and applying Hodge type decompositions, as ex¬ 
plained below: let / = X)fc6z -PfcQ<fe-i-ioo: 

2 

\\d'^Po[RaPkitpl^~^'^djI [R/s Pk2 V '2 Rj Pk3 ■03 - Rp Pk3 03 Rj -Pfc 2 02 ] ] 
i=i 
2 

+ 0aCo[-R/3-Pfci0lA"^ djI[R^Pk3tp2RjPk3fp3 - RjPk2fp2R'^ Pk3lp3]]\\N[0] I 
i=i ' 

^ ^ 2*^1 min{— minjfci ,^2 >^ 3 } lO} 2*^2 minlmaxj:^^ ,ki—kj},0} 


(14) 


||Poa'^[i?/3Afe,0iA-i E OjI\^RaPk2 ^2Rj Rk^ '4^3 Rj Pk2 '4^2RaRk:^ V^s]] 11 A^[0] 

3 

^ ^2*^1 min{— minjfci ,^ 2 ,^3},0} 2*^2 min{maxj: 5 ii{fci,fci —fcj},0} n ll-f’fci0/||s[fei]- (15) 

i I 

Of course one may rescale these, i. e. replace Pq by Pfc, k G Z. Then one needs to 
replace min{— minj/ci, ^ 2 , ks}, 0} by min{— minj/ci — fc, — k, k^ — k}, 0} etc. 

(d): ’energy inequality’ The following relates the spaces S[k] and A^[fc]: 

l|Afc0||s[fe]([_T,T]xR2) ^ ipl 1} = ||□Pfc0||Ar[fc]([-T,T]xR2) 

0 < To < T 

-f sup ||Pfe0[to]|lL2x^-i]. 

io6[-To.To] go; 


In this inequality, one can leave out the factor min{2^roj 1} ^ and replace S[k] 
with the following stronger norm 


-^k 


■sup sup sup |A| 1(^ Y ITfl<5<fe-i2;0lls[fe.±«])^ 

± ,<_10-10>A>; 


provided the norm A^[fc] is replaced by P)ij ^ or . 

(e): Relation to Strichartz type spaces: Let p, q satisfy ^ ^ Then we have 

I|Ao0||lplj < Ap,q||Po0||s[o] 


^*^Moreover, applying an operator Qi in front, where I >> k, we can include factors 
min{ J — fc 2 jO} 

2 2 on the right hand side. 
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(f) : Relation to improved Strichartz type estimates: for I < —10, let Co,; be a 

covering of the frequency region |^| ~ 1 by uniformly finitely overlapping discs 
of radius ~ 2K Let Pq.c localize the Fourier support to the disc c, such that 
SceCo ~ 8 > p > 4. Then we have 

( ^ ^ Cp2(3V-|)'||V^||s[o] 

c£C'o,z 

(g) : Bilinear inequality relating the Let F, ip G Then for 

j < min{fci, 2 } + 0(1) we have 

\\Pk[PkipjPk2 Qj 11 Af [fc] 

If ki = k 2 + 0(1) j < r + k ior some r < 0, we have 

\\PkQ<r+k[PkiQjFPk 2 Q< 2 k+r-ki'<P]\\N[k] ^ 2‘^’'||F|| , o,-i ,cx= 11 ^>2 11 Sffca] • 

fcl 

3.6. A modification of the spaces; Moser type estimates. In spite of the 
above properties, the spaces S'[fc] don’t appear flexible enough to handle Moser 
type estimates of the kind we shall need. More precisely, the property 

\\i:iA{\/-^lP 2 )\\s <C{\\Ms, ||V’2||5) 

where V’ 1,2 G 5(R^), A(.) G C°°(R) with bounded derivatives, and schematic 
notation for linear combinations of operators of the form A~^dj, appears violated. 
This is a consequence of the fact that the product estimate 3.4(a) does not allow 
us to recover enough exponential gains in the difference k — ki ii ki >> k, the 
high-high interaction case. 

One way around this would be to re-engineer the way functions get subdivided into 
’free wave parts’ and ’elliptic parts’. Indeed, one has better product estimates than 
3.4(a) for free waves, see Klainerman-Foschi^^ [11]. Our way here around this shall 
be to ’enlarge the space S')/;:]’, shrinking the norm ||.||s[fc] suitably. More precisely, 
we analyze the ’bad high-high’ frequency interactions and observe that by virtue 
of the spherical symmetry assumption, these cases are actually favorable in some 
sense. Indeed, we shall be able to exploit the well-known fact (e. g. [30], [32]) 
that the range of admissible Strichartz estimates is significantly improved in this 
situation: 

Theorem 3.7. Let ip G be invariant under rotations. Then we have the 

inequality 

WPo'IpW^Ll ^ IIV’[0]|U~L2 -h ||□V’||LJL2 
provided the condition ^ ^ < 5 holds. 

We note that theorem 3.7 implies easily the following corollary: 


appears, however, that even for free waves, a high-high-low interaction resulting in an ellip¬ 
tic product (Fourier support very far from the light cone) does not lead to the desired exponential 
gain in the frequencies. 
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Corollary 3.8. The derivative components ipi, satisfy the estimates 

for a system of numbers {ck}kez, (frequency envelope’) which satisfies < 

oo, provided the condition ^ ^ < 5 holds and S > 0 is sufficiently small. 

Proof This follows by applying a simple frequency trichotomy to the frequency 
localized expression for in terms of The latter are controlled by 

application of theorem 3.7 as well as Corollary 2.6. ■ 


Definition 3.9. : We put 


\l ■= sup ^^sup2 

(p.9)l| + lL<i '<0 




E 

cSCk.i 


I-PcV’IIlPl« 


1 . 

2 


Here Ck,i is a finitely overlapping cover of the frequency region |^| ~ 2^ by discs of 
radius 2^+*, with associated Fourier localizers Pc, c e Ck,i. Also, put 2+ = 2 + 
say, and let /r be a small positive number, say We let S[k] be the atomic 

Banach space whose atoms satisfy one of the following: 

(1) Type 1 atoms: Fix (5o small, say Jq = These are functions xp G 
satisfying 


llV’lUffc] = IIV’IU + IIV'II .0,1.0 


X, 


- 1 , 1 , 2 + sup 2(p + 9 
P + P<p-^o 




sup sup sup |A| 
± ;<-io-io>A>i 




kGKi R^Ck,^ 


\\PrQ <k+2ll 


I S[fc,±K] 


)2 < 1 


(2) Atoms of the 2nd type: Let I = -^fcQ<fc+ioo- Then xp G is 

of the 2nd type provided 

\\i’\\B[k]-= sup + ll^lli 

i + i<l_ 105 o 

+ 11(1 “ -^)V'II •^ 1 ; 

The range of Lebesgue exponents {p, q) includes the pairs(l+, oo), (oo, 1+). 


Note that any function xp G 5(R^'''^) may be decomposed into two pieces xp = 
a + [3 satisfying 

l|a|U[fc] ^ llV'lbffc]) ll/3||B[fc] ^ llV'lbffc] 

We call a ’of first type’ and /3 ’of 2nd type’. We let 

ll^lb := (Ell^'^^lllw) 

feez 

Unfortunately, these norms do not quite suffice to close all the estimates. The fol¬ 
lowing theorem contains some bilinear estimates, which we were unable to build into 
a linear framework. These have to be proved independently. To state the theorem, 
we use the concept of frequency envelope: following Tao [36], we call a sequence 
of positive numbers {ck}kez, a frequency envelope provided < Ca < 

C'2'^l“-^lcf, for some ct > 0 and C » 1. 
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Theorem 3.10. Let G 5(R^+^). Assume that ||Pfc^/’i, 2 |Isffc] < Ck for a suffi¬ 
ciently flat frequency envelope {ci}. Let 

l|v-V2||Lri“ <Co 

More precisely, assume that for each k G Z one may split Pk'ip 2 = oik -\- (3k into 
functions of first and 2nd type, respectively, such that | |V~^ a^l < Cq, 
||V“^ Also assume that '02 satisfies the bilinear estimates stated 

further belouf^. Then we can conclude^^ Vk G Z 

||-Pfc[0lV"V2]||5[fc] ^ Ok 

In particular, if A{.) : R ^ C is real analytic with bounded derivatives of arbitrary 
order, and 02 Teal valued, we can conclude that Vfc G Z 

||Pfc[01^(V-V2)]|U[fe] <Cfc 

A more precise version is as follows: for suitable <5 > 0, 

Now assume that ||0i,2||s + ||0 i,2|IbO.i < C'o- Then we can conclude 

||Pfe[0iT(V-V2)]|| .0,1,0. 

for a suitable C = C{Cq). More precisely, decomposing 

Pfe[01.4(V~V2)] =0 + 0 

into functions of first and 2nd type, respectively, we may assume that 
\\Ro{a + mLrLi<C, II/3II 0,1.1 <C 

forC = C(C'o,supfcgz ||Poffe0i||L“L2,supfcgz \\RoPk'4’2\\L^Ll)- Next, we have the 
bilinear estimates 

min{ fe 5 ^ 3 } SI 

sup sup sup 2 2 2“ 1 

01 Il0lls[fc3]<l ^1,2,3 ^<—10 

( E ll^fcl['Pfc2i?o[0124(V-V2)]Pc0]|li2i2)^ <C 


k2 (l — S/J.) _ .. 

sup sup 2 2+2M ||PfcJPfe,Po[0lGl(V”V2)]A:2+O(l)0]llL2Li+K < C'. 

0 lll 0 lls[MGifci 2 ez * * 

where C = C'(||'i/^i||5, ||^2||5, ||^2||^o-i)? the definition in 3.4- The same esti¬ 

mates hold provided one replaces A{'V~^'tp 2 ) by A{'V~^{'ip 2 '^~^i^ 3 ))p where if 3 sat¬ 
isfies similar estimates as 1^2 ■ 

The proof of this is a long calculation deferred to an appendix. 


^^Substitute i /?2 instead of 

^^The implied constants in the statements below depend on C’o, the constant C in the bilinear 
estimates below as well as the decay of the frequency envelope and the constants chosen in the 
definition of <S[fc]. 



The perturbation argument 


23 


3.11. Proof of the Theorem 3.2. To show existence, it suffices to show that 
some subcritical norm is globally bounded in t. Indeed, reasoning 

exactly as in [23], one deduces that for every hnite time interval [—T, T], one has 
with u = (x, y) and S < S: 

2 

sup + l|yWII + l|5tx(t)||^6 + ||9ty(t)||jjs] < oo 

Using the subcritical result of 

Klainerman-Machedon [12], one deduces from here that there can’t be breakdown 
of smoothness after finite time. 

Global boundedness of a subcritical norm in turn shall follow from the following 
Bootstrap Proposition: to formulate it, we shall need time-localized versions of the 
spaces S'[fc]: for f/) G C'“([—T, T] x R^) define 

-T,T]xR2) := _ inf 

G 5 (R2+1) 11/> I j _ .j, .j,j,, j^2 =i/> 

We use similar definitions for ||.||s'([_t,t]xr2) HV’IIs([-t,t]xR2+i) etc. and also dif¬ 
ferent time intervals [ri,r 2 ] etc. 

Proposition 3.12. In the situation of Theorem 3.2, let the smooth Wave Map 
extending m[0] exist on the time interval [—T, T]. There exists Ti > 0 such that for 
T >Ti and every K > 0 sufficiently large, there exists e > 0 such that the following 
conclusion applies: Introduce the frequency envelope 

Cfe := sup +ecfc, 

ie[-Ti.Ti] 

where {ck} is as in the proof of lemma 3.16, and assume 
supig[_ 7 .j < e- Then for any T>Ti we have 

K ^ 

sup ||Pfc(5'i/'i2||s[fe]([Ti,T]xR2) < Kck ^ ||-Pfe(5V’i^||s[fe]([Ti,T]xR2) < 

A similar inequality holds by replacing T, Ti by —T, —Ti. 



Il^llsffc] 


Assuming this for now, we continue with the proof of Theorem 3.2. We claim that 
by local well-posedness of (1), (2), there exists e = e{p) > 0 such that (using termi¬ 
nology of Theorem 3.2) ||m[0] — u[0]||//i+mxRa‘ < e implies that u extends smoothly 
to [—Ti, Ti], where Ti is as in the preceding Proposition. To see that this is possi¬ 
ble, we shall apply an inequality of Klainerman-Selberg to the equation satisfied by 
the differences x — x, y — y of the coordinate representations of the perturbed and 
the spherically symmetric Wave Map, it = (x, y) and u = (x, y). Subdivide the 
interval [—Ti,ri] into small subintervals A, for which^"* ll(^jy)lla’i+»‘>'’(/ixR 2 ) ^ 1- 
This is possible by Corollary 2.6 and local well-posedness of (1), (2) in Note 

that 


□ (Iny-lny) 


^i9^x ^ 

y y y y y 



^■^The 6 > 1 is chosen in dependence of /i, see Klainerman-Selberg [17]. 
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with a similar equation holding for □(? — ^). We deduce that upon denoting 
li = [oi, tti+i], we have 

^ y y y y 

< ^ 11^ _ + ||a.(?) - 

^ y y y y 


+ lliy ~ lny||;t<i+M,e(/jxR2) + ||—- IUi+'''«(/iXR 2 )] 


y y 


+ [|/,r(^)||lny-lny||^,+.,«(,^ 


xR2) 


I? 

y 


lA'l + ('.«(/iXR2) 


We have used here the fact, due to Klainerman-Selberg, that 

ll'/’IU'>.<'([-T,T]xR2) ^ II</'[0 ]||roxR'>-i + ^"*^IP</>IIx'>-i.«-1([_t,T]xR2), Q > S > I 

as well as the following inequality of Klainerman-Machedon 


||a^'Uia'''U2||x»-i.e-i < \\ui\\x^A\u2\\x‘’» 


Refining the subdivision [—Ti, Ti] = li, N = N{u, ^), if necessary, we see that 

II E 11^ - —IU-(a.+r) + P.(|) - 9.(?)llR-*(a.+0 

^ y y y y 

^ 2[|| E 11^ - ^ll^'‘(ad + l|9.(|) - 


provided the quantity on the right hand side is less than some constant c. Thus if we 
choose e < we see that the Wave Map u satisfying ||u[0] — u[0]||//i+mxR'' << e 
will exist and be smooth on the interval [—Ti,ri]. It follows from the argument 
just given and a simple algebra type estimate that by possibly shrinking the size of 
||m[0] — m[0]||//i+mxR'' we can ensure that 

II<^V’i'IIl“R^([-Ti,Ti]xR 2 ) < e, 0 < a < ^. 

Now assume that the perturbed Wave Map u breaks down at some time T > Ti. 
We claim that supr^^xt<T^^Pk(^zcA\\Pk5'ipA\sik]([Ti,t]xR^) < oo. Indeed, in the 
opposite case, choosing K large enough(and if necessary shrinking e), and using 
the continuity of the function t sup;, jJxrs) for t G [Ti,r), 

see e. g. [23], it follows that there exists T' satisfying the properties 

supc^^||Pfe(57/’^||s[fe]([Ti,T']xR2) = K,Ti <T' <T 
fcez 


This, however, contradicts Proposition 3.12. This then implies that 
supi^j. ||Pfc(5V>^||s[fe]([_t,t]xR2) < Cfc- But by definition of 4, IMIsffc], this implies 
that some subcritical norm Ht^{[-T,T]y.'R?) < oo, fJ. > 0, which in turn im¬ 

plies that some ||'«||L~//i+A<'([_Tr]xR2) < oo. This in turn contradicts breakdown 
by the result of Klainerman-Machedon [12]. Of course, the preceding argument en¬ 
tails the bound \ \S'tp„\\L'^Ll A e. Indeed, one obtains that some range of subcritical 
norms ||.|| 7 r« satisfy that estimate. 
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3.13. Proof of Proposition 3.12. We first recall the following theorem from [23]: 
let be the nonlinearity on the right hand side of (8). Then we have 

Theorem 3.14. [23] Let € C'“([—T, T] x ) solve the combined system (6), 
(7). Then provided 

sup llV’i/||s([-T,T]xR2) < Ke 

V 

and e is sufficiently small in relation to K, we have 

ll-^({^i^})llAf([-T,T]xR2) ^ K^e^ 

More precisely, there exists a number > 0 such that we have 

||Pfc^({V'i^})|U[fc]([-T,T]xR2) < (sup sup 

V fciez 

The proof in [23] of this relied on introduction of null-form structure into the 
nonlinearities by means of Hodge type decompositions, as briefly outlined in sub¬ 
section 3.1. Thus writing tfi, = R,^ip + Xv and requiring X]i=i 2 = 0 results 

in 

2 

(17) 

^ ^ Riipi (18) 

i=l,2 

One now writes the nonlinearities N{{ip,^}) as sums of various terms which are 
gotten by substituting either gradient components R^ip or elliptic components Xi' 
in place of substituting^® the Schwartz extensions pi, for ipi, which satisfy 

lldi2lls([_T,T]xR2) ^ Ke, 

and further microlocalizing constituents of the expressions thus obtained. One 
thereby obtains trilinear null-forms of the types recorded in 3.4(c). Substituting 
elliptic components Xv results in terms at least quintilinear in the variables 
which are more elementary to estimate, but still appear to require null-form struc¬ 
ture, which is obtained upon reiterating the Hodge type decomposition. One keeps 
going like this until the error terms obtained can be estimated without using null- 
structures, based only on Strichartz type estimates. Summarizing, we have 

Theorem 3.15. [23] Under the hypotheses of Theorem 3. If) we can construct a 
function 

7V({p4) G 5(R2+1) 

which is expressible as a sum of terms trilinear, quadrilinear etc. up to degree 11 
in the p,^, and satisfies 

K i{p,^})\l-T,T] =K{'ipy) 

\\PkNi{p))})\\sik] < (sup sup 2-‘^l'=-'=il||PfcjPi,||s[fcq)max{||pi,|||, llp^lls°} 

fcl G Z 

^^One reexpresses ip, Xu terms of ipiy via (17), (18). 
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We shall apply this theorem to our situation. The complication that arises here 
has to do with the fact that the estimates for the derivative components of 

the spherically symmetric Wave Map, are not with respect to 11.| |s, but rather 11.| I 5 , 
in view of theorem 3.10. We state here 


Lemma 3.16. For any cr > 0 sufficiently small, there exists a frequency envelope 
{cjiez with exponent a and ^ 1 such that VT > 0 we have 

ll^fcV'!^lls[fe]([-T,T]xR2) ^ Cfc 

We can also assume 2^1*1 c; < 1 for fj, > 0 suffciently small. Moreover, choosing 
a Schwartz extension Pkipi, of Pk'f’ff-T,T] satisfying the above estimates, we may 

decompose each Pkipi, into functions of first and 2nd type, Pk'f’v = 01 ,^ + ff, such 
that the following properties hold: 

^ Cfc, ||/3i/||B[fc] < Cfc, WPvW . 0,1,1 < C, \\Ra{ay + I3u)\\l’^li - ^ 

where C depends on ||^|l^ia +11 lny||^i,i. Moreover, the bilinear inequalities enun¬ 
ciated in theorem 3.10 hold for tpi, in place of ['tpiA(y~^tp 2 )] there. 


Proof We define 




fci G z 


+ E (0)IU=+ sup E2-"''^-'^^'ll^fci5.(-)(0)llL= 


fci G z 


iv=0,l,2 


k\ G z 


where N{...) = N{Wx, Vy, x, y) runs over the nonlinearities in (1), (2). That this 
is indeed a frequency envelope with the desired properties follows from Corollary 2.6 
as well as lemma 2.7. We need to exercise some care to get good enough control 
over the elliptic portions of tp,,. For this, truncate Nff/x, Vy, x, y) past some 
time To >> max{2“^,T}, and (committing abuse of notation) decompose the 
nonlinearity 


PkNff/x, Vy, X, y) = PkQ<kN{\/x, Vy, x, y) + PkQ>kN{\/x, Vy, x, y). 


Then consider 


□ ^PkQ>kN{\/x, Vy, X, y), 

where the operator is division by the symbol (r^ — on the space-time 
Fourier side. Clearly, from definition we have 

\P~^PkQ^k"^x.fNiVx, Vy, X, y)|LiL 2 < 2-^Ck 

Thus there exists a time to < Tq with the property 

||n”^TfeQ>fcVa;,tfV(Vx, Vy, X, y)(to)||L2 < Ck 

We easily check that (for C independent of k) 

\\a-'^RoPkQ>k^x,tN{Wx, Vy, x, y)||L~Lj < C, 

while also (using the wave equation) 

\\Ro'^x,tPk{ — )\\L^Ll + \\Ro'^x,tPk lny||L“L2 < C 
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Now construct a free wave a with the properties 

a{to) = Pfc(^)(to) - □“^PfeQ>fcfV(Vx, Vy, x, y)(to) 

dta{to) = Pkdti-)ito) - D-^dtPkQ>kN{Vx, Vy, x, y)(to) 

y 

and similarly for Iny. It follows that the quantity ^ — a — □“^Pfc(5>fciV(...) satisfies 
□ (- - a- a-^PkQ>kN{...)) = PkQckNiVx, Vy, x, y), 

y 

\\Ro^x,tPk{- - a - □-iPfcQ>fcN(...))||L~L2 < C 

y 

as well as llVa, t(^ — a— □“^-PfeQ>fc-/V(...))(fo)||L 2 ^ Ck- One also verifies that 
’ y — 33 

||□“^Va;,tPfc(5>fc^^(Vx, Vy, X, y)|| . _i < Cfc, 

which by Sobolev’s inequality also implies control over 11.| as well as the Strichartz 
type norms ll-Hirij, - + ^ < ^ — do, of this expression. Now one solves the wave 
equation for ^ —a—□“^Pfc(5>fc-N(...) with initial data given at time to- Using 3.4(d) 
(which in turn relies on a truncated Duhamel’s formula, see [23]), one constructs 
Schwartz extensions Pk{^), Pk lay of Pfc(^)|[-T,T], Pk lny|[_T,T], respectively, with 
the properties 


II Vaj^tPfc ( ^ ) ||yl[fc] ^ Ofc, 11 In y 1 ^ Ck 

as well as 

||-RoVa;,i[-f’fc( — )]||l~l2 < C, \\Ro'^x,tPk lny||L~L2 < C 

y 

where C is independent of k. Using a partition of unity, one glues these extensions 
together to get Schwartz extensions Iny of ^|[_t,t], lny|[-T,T] which satisfy 


etc. Now one recalls that 
'tpu = 


ll-Pfc(-)|U[fe] < Ck 

y y 


plugs in the Schwartz extensions of ^ etc. and uses theorem 3.10 to obtain the 
desired conclusion. ■ 


Continuing with the proof of Proposition 3.12, our strategy now will be to analyze 
the wave equation satisfied by Sipu = — tpi>- Using ( 8 ) for both and 

subtracting, we obtain a first version. We eliminate tpi, by substituting 6ipu + ipu- 
One thereby obtains a sum of products of components S'lp^, ipi, which are at least 
linear in Sipi^. Proceeding as in the previous description, we decompose the Sipi^, 
ipv into gradient and elliptic parts. For the df/'i/, this is obtained by applying the 
procedure to ipu, ‘ipv and forming the difference, resulting in 

= Ri,{S'iIj) + Sxi,, S'tp = - 

z^l ,2 
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2 

^Xv = iYl - ipiA~'^dj{iplijjj - tpjtjjl)) 

i,j=l 

2 

- i d^A-^{i;^A-^dj{i)li;] - -i/'jV’?) - V’iA"^aj(V’iV'| - V'jV'^))- 

*,i=i 

Clearly one can reexpress the latter difference as a sum of terms linear, quadratic 
and cubic in the 5ip,y, eliminating the tpi, = Sipi, + ipw In order to demonstrate 
Proposition 3.12, we shall rely on the following refined 

Proposition 3.17. Let 

aSipa = Na{6lp,y, 

on [—T,T]. Proceeding as above, express the nonlinearity as a sum of trilinear null- 
forms (substituting the gradient components for Sipiy, ipv), as well as error terms 
’at least quintilinear’ in dip,,, ipi, (which arise upon substituting dxv, Xi^)- Denote 
the sum of terms which are linear in Sipi, by Nia^Sip,^, ipi,). Then for any C > 0 
there exists Tq > 0, such that for any fixed smooth function x(t) G C°°(R) with 
supppx) C [-1,1]'", x|[- 2 . 2 ]'= = 1, we have 

||Pfe((5f/'i/)||s[fe]([-T,T]xR2) < Kck, T > fo>To 
^ \\x{^)PkNia{6lpi,, 1pu)\\Nlk]{[-T,T]xR^) ^ (Kck 

do 

Here {ck} is associated with Tq as in Proposition 3.12 (substitute To for Ti). More¬ 
over, denoting the terms at least quadratic in 5ipu by N2(5ipv,‘f>u), and letting e,Ck 
be as in the statement of Proposition 3.12, the following conclusion holds provided 
e is small enough and {ck\ ’flat enough’: 

||Pfc(<IV’i^)||s[fc]([-T,T]xR2) < Kck \\PkN2aiS'lp„,1p„)\\N[k]{[-T,T]xR^+^) ^ ^K'^Ck. 

Deferring the proof of this for the moment, we continue with the proof of Propo¬ 
sition 3.12. Let C < 1/C for some C >> 1, and construct Tq as in Proposition 3.17; 
Define Ti := 2To. Now assume we have the situation in the statement of Proposi¬ 
tion 3.12. We intend to use the energy inequality 3.4(d). Fix k G Z, and consider 
Pkdipu- We distinguish between the cases T — Ti < and the opposite. In the 
former case, the wave equation becomes useless, and we use the divergence-curl 
system directly: observe that by virtue of (6) we have for z = 1,2, Ti < t < T 

Pkd'ipflt) - PkS'ipflTi) = f diPkSipidt -I- 

JTi 

In this equation, by abuse of notation, N{jp, dtp) is a linear combination of terms of 
the schematic form d'tpV~^{'tp‘^), d'ipV~^{'ipd'ip) etc. Let’s put N(ip, dtp) = dtpV~^{tp‘^), 
the other terms being treated along the same lines (but also requiring e to be small 
enough). We note that 

\\Pk[dpj\7-\tP^)]\\^B^, < 

where B is an arbitrarily large number (the implied constants will depend on it). 
This follows from a simple frequency trichotomy and the bootstrap assumption. 


/Ti 


Pk[N{tp,dtp)]dt 
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Now using Holder’s inequality, we deduce 

II f Pk[N{ij, 5ij)]dt\\Li<\t-2^^-i^'^Kdk<-^K£k 
Jt, C^-b 


Clearly we also have 


ft I 

/ d,PkS^P,dt\\Li <\t- T^\2^K'ck < -Kdk. 
Jt, ^ 


Therefore, we infer that 

K K 

\\PkS^i\\LrLi < (1 + ^ 

provided K, C are chosen^® large enough (in relation to B). Arguing similarly, one 
deduces as well that 

2= \\Pkd'tpi\\i^2i^2 +22 \\Pkdt6ipi\\i^2i^2 < —rCfe- 

O 2 

Using the fact that (see e. g. [23]) 

k 

l|-PfcV’lls[fe]([-T.T]xR2) < ||-PfcV’l|L“L2([_7._7.]xR2) + 2 2 | |Pj,l/;| I^2j;^2 XR2) 

k 

+ 2 ^ \\Pkdt1p\\L'^Ll{l-T,T]xR^) 

and choosing K, C large enough, one deduces from this that 

K ^ 

l|-Pfc'^V’j||s[fc]([Ti,T]xR2) < 

which is the desired conclusion for Pi-Sipi. The argument for Sipo is similar us¬ 
ing (7). Thus we see that we may assume |T — Til > 2^. Moreover, reiter¬ 
ating the preceding argument, and choosing K large enough, we conclude that 


iPkS-ipul 


< 


K 


■Ck- Now revert to the old notation 


PtlI{[Ti,Ti+^]xr?) - lOOC- 

= N{5'4}y,'ii)y) = Ni{6-ipi,) + N2{5'il}y,%pu) 
as in Proposition 3.17. Clearly, we have 

\\PkNl{di^u, V’i2)llAf[fc]([Ti,T]xR2) < l|-PfcX(77r)-^l(^V’!2) V’!2)||Ar[fc]([Ti.T]xR2) 


\\PkN 2 {Slp, 2 , V’i')||Ar[fc]([Ti,T]xR2) ^ ||^'fcA‘2(^V’i2, V’i')||jV[fc]([-T,T]xR2) 

Using 3.4(d) as well as time translation invariance, we can now infer that 

K K 

ll^fc'5V’i-lls[fc]([Ti,T]xR2) < —Cfc + CATCfc + e^AT^Cfc < yCfc 

provided e, C are small enough. This yields the desired conclusion. 

3.18. The proof of theorem 3.3. This is basically identical to the proof of the¬ 
orem 3.2. Control over some subcritical norm HuHi^Ri+e follows from standard 
Moser estimates instead of Corollary 2.6. 


^®Of course C is chosen independently of K. 
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4. The proof of Proposition 3.17. 

We have thus reduced the proof of theorem 3.2 to the verihcation of Propo¬ 
sition 3.17 in addition to the technical Moser type estimates allowing estima¬ 
tion of ||Pfc'0||5[fe]. The proof of this Proposition is divided into the part deal¬ 
ing with expressions linear in Stpiy, as well as those of higher degree of linear¬ 
ity. We commence by spelling out in detail the decomposition = 

+ N 2 a{Sipu,'tpi^), where □Ji/'a = Na{S'ip^,i^,y). As in [23], this de¬ 
composition requires extreme care in order to avoid too many time derivatives. 
Recalling (8), we define 

3 5 5 

E 


i=i 

2 

— ii9^[(5i/’/3A“^ '^dj[Rail}^Rj4)^ - Raip"^Rj4)^]] (19) 

i=i 

2 

-I- ida[5il}uA~^ ^ dj[R''Rjij)^ — R''Rj%p^]] 
i=i 

2 

Ai{Stp^,ip„) = + id^[tpaA,~^'^dj[R/3Stp^Rjip'^ - R/stp'^RjS'ilj''^]] 

i=i 

2 

— id^[tpj3A~^ ^ djlRaStp^Rj'tp^ — Raip'^RjSijj^]] 

i=i 

2 

-I- ida[tp„A~^ ^ dj[R^S iIj^R jtp'^ — R^ip'^RjSijj^]] 

J=i 

2 

A3{6'ilj„,ip„) = + dj[Rf3ip'^R jSiIj'^ - 

i=i 

2 

— id^[ipi3A~^ ^^djlRaip^RjSijj^ — RaSilj'^Rjtp^]] 

i=i 

2 

-I- ida[ipuA~^ ^ dj[R''tp^RjSip^ — R’^Sijj'^Rj'tp^]]. 

1=1 


Ri, Cl {S^P,, i,,) = V,,i [,5i/-V-i [V'V-i [V'V-hV’")]]] 
S2,C2(<5i/-.,V'.) = V,,t[i/;V-i['5i/’V-i[i/'V-hi/’")]]] 
B 3 , Cs (Ji/-., lA.) = v,,i [i/;V-i [V'V-M'^V’V-hi/’")]]] 
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54.5,C4.5W.,V’i^) = V,.t[^V-h^V-hV’V-h^V'V’)]]] 

Of course we have used schematic notation for the B, C’s, as their fine structure 
won’t matter. They are obtained by substituting one Xi' instead of the correspond¬ 
ing entry ipi, in the inner square bracket expressions on the right hand side of 
(8), where Xi' is the ’elliptic component’ of the spherically symmetric in the 
decomposition = Ri,ip + Xw We recall ip,y = tpp + i'tpl, Sipi, = Stpl + idtpl, 
Ip = — “ ~^j=i then define N2a{6'4)v,p3^) = 

Na{S'ipu,'ipu) — Niai^Sipuj-tpu). The quintilinear terms above shall be relatively sim¬ 
ple to estimate on account of the strong Strichartz type estimates satisfied by the 
V'jy, see theorem 3.7 as well as the definition of ||■|| 5 [fe]■ Unfortunately, the lat¬ 
ter norm falls short of controlling II.Hl^loo) which appears necessary in order to 
grant an elementary estimation of the trilinear terms Aia- We shall instead have 
to revert to the inherent null-structure in these terms as was done already in [23], 
in addition to the more complicated ingredients in ||.|| 5 . The main new difficulty 
over the estimates in [23] has to do with the fact that we need to gain explicitly 
in time in these estimates. This would be relatively straightforward if we were 
working with Lebesgue type spaces; however, we shall work with null-frame spaces 
of type Lj , which considerably complicates obtaining gains in time. The main 
novelty here(lemma 4.4) shall be a special type of decomposition of the spherical 
components 'ipi, into pieces which have well-defined physical as well as frequency 
localization properties. More precisely, we shall be able to physically localize ipi, 
closely to the light cone. This part will then be written as a sum of two components, 
the first of which can be written as a sum of pieces which propagate in a direction 
essentially opposite to their physical support. Thus the first component is obtained 
by first localizing ^pi, to an angular sector in Fourier space, then multiplying with 
a physical cutoff localizing to an opposite or identicaf'^ angular sector, and finally 
summing over all sectors. The size of the angular sectors shall essentially be dic¬ 
tated by the C in the statement of Proposition 3.17. While the first component 
is exactly the part which fails to decay in as t ^ oo, it does lead to im¬ 

proved trilinear null-form estimates due to the dual localization properties. The 
2nd component in turn will decay like a standard Lebesgue norm as t oo. The 
next subsection contains the core estimates. As the estimates are rather technical, 
we briefly explain the strategy of the proof, which is conceptually simple: 

(1) : First, upon localizing the nonlinearity to a time interval t ~ 2*, one tries to 
reduce the frequencies of all functions occuring inside the nonlinearity to absolute 
size << 2**% for some small i5 > 0. The idea here is that far apart frequencies should 
interact little. But this in addition to the refined control over the frequency modes 
of the spherically symmetric components should suffice to get control over the cases 
when extremely small or large frequencies are present. The tool to achieve this are 
the refined trilinear estimates in 3.4(c). Unfortunately, these estimates aren’t quite 
good enough to control certain high-high interactions, which accounts for a number 
of extra cases that need to be considered. 

(2) Having controlled the cases when the frequencies are very small or large in 
relation to the time interval one works on, one now tries to exploit the pointwise 

^^This depends on whether the space-time Fourier support is contained in the upper half-space 
T > 0 or lower half-space r < 0. 
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estimates provided by Christodoulou-Tahvildar-Zadeh, since one has gained some 
room to lose in the frequencies. The device here is the decomposition of the spher¬ 
ically symmetric components referred to in the preceding paragraph, which is a 
direct consequence of the pointwise decay estimates. This allows one to decom¬ 
pose these components into pieces that disperse quickly enough, as well as other 
pieces that interact very weakly. Of course one exploits the trilinear structure of 
the nonlinearity to make this work. 

4.1. Estimating the trilinear null-forms. We use the operator 
I = PkQ<k+ioo as before and employ the schematic decomposition 

V,,JV’iV-MV' 2V'3]] = v,,t[V'i/v-MV'2V'3]] + - /)V-J^2V’3]] 

for each of the Ata ’s. In order to make sense of this, one needs to substitute Schwartz 
extensions for the inputs V'^’^I[Ti,t] of the inner square brackets, in 

accordance with the bootstrap assumption in Proposition 3.17. In the following 
we shall localize the frequency localized nonlinearities PkN{...) to a dyadic time 
interval t ~ 2* and strive for an estimate of the form 

\\x^{t)PkN{...)\\Nlk]< 2 -^^^'ck 

One can then sum over i large enough to obtain the estimate in Proposition 3.12. 
(A): The large modulation case. Estimating the terms 

(/) : V,,t[,5V’A-i ^ dAl - I)[Ri3^2Rj^3 - Rj^2Ri3M 

i=i.2 

(//) : V^A^A-^ djA-I)[Rf3S^2Rj^3-RjS^2Rf3H] 

i=i,2 

(I): The first term. We use the decomposition 

dj{l- I)[Ri3fi2Rj'll’3- Rj'fi2Rl3i’3]] 

^0 1 = 1.2 

= Y ^ 5^(1 -- .Rii/’27?/3V'3]], 

i>log2fo 1=1.2 

where Xi(^) smoothly localizes to the interval t ~ 2®. Then we localize the frequen¬ 
cies and freeze i G Z, arriving at an expression 

Xxit)yx,tPko[PkAlpA~^ Y 9jil - I)Pk[R/3Pk2'fi2RjPk3fp3 - RjPk2fp2Rt3Pk3'fi3]] 

1=1.2 

We distinguish between the following cases: 

(La): One of the following options hold: i < \k 2 \, i A l^sl) * A l^o ~ ^il) * ^ 
min{ Ifc — fci I, Ifc — fc2 1}. This case is handled by means of lemma 3.16 as well as the 
following lemma, provided Pfc2,3'02,3 are of the first type: 

Lemma 4.2. [23] Let fii^ 2,3 G Then, for integers fci,2,3 and suitable 61^2 > 0, 

the following inequality holds: 
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l|Va;,th)[A:iV’lV hi - I)[RuPk2lp2RjPk3'^3 - RjPk2^2Ri^Pk3i^3]]\\N[0] 
2*^1 niin{— minjfci ,^2 5^3} lO} niin{maxj^j{fci jfcj — fcj } lO} n llPk^lsiki] 


Indeed, observe that if t h niax{|fc 2 |, Ifcal}, we obtain from lemma 3.16 that 
min{||Pfc 2 'i/' 2 ||s[fc 2 ]) Ill^fcaV’slIsffca]} < 2“^b Carrying out the summations over k,ki 
satisfying these assumptions, we arrive at the upper bound < 2~^^Kcko- Summing 
over i > log 2 Tq results in a small exponential gain in Tq < Tq. If one of the other 
cases occurs, one gets an exponential gain from the above lemma. We 

are fudging a bit since we have thrown the localizer Xiit) in front, and this may affect 
the space-time Fourier support of the expression, hence its norm ||.||Ar[feo]. However, 
this is detrimental only if the modulation (i. e. distance of the space-time Fourier 
support to the light cone) is < 2 “®, and only affects those parts estimated with 
respect to ||.|| . as null-frame spaces aren’t needed yet, see the proof in [23]. 

JC, ^ 

fco 

• — 1 — — 1 

Assuming (Output) to be a -atom, we estimate 

\\X^{t)PkoQ<-i+ 0 {l) (Output)ll < ||Xi(t)||L 2 i~ \\PkoQ<-i+Oil) (Output)ll ^ 2 H -1 
< ^252^ < 1 

a<0 


Thus the cutoff is irrelevant. 

Now assume at least one of 3 is of the 2nd type. We need the following lemma 

Lemma 4.3. Let 1 ^ 2,3 G 5(R^+^). Assume also that | 3 'i/) 2 , 3 || 5 [fc 2 , 3 ] ^ with 
a frequency envelope Ck as in the preceding. Assume that Pk 2 '<p 2 is of the 2nd type, 
and Pk 3 'f '3 admits a decomposition into functions of first and 2 nd type as enunciated 
in theorem 3.10. Then we have for suitable 81^2 > 0 

\\Pk[Rl3Pk2i’2RjPk3f>3 - RjPk2f’2R(3Pk3f’3]\\L'iLl 

< minffca—fc.s.Otoij^ minffc—|^ ^fc2 _|_ £^J 

Proof First assume that PfcjV’s is of the first type. Using the definition of ||.|| 5 [fe], 
we infer the desired estimate for the contributions of 


Pk[RpPk 2 {^ - I)tp2RjPk3'ip3 - RjPk 2 {^ - I)i^2R0Pk3'>p3] 

and similarly for 


Pk[R0Pk2'>p2RjPk3{^ — I)f^3 — RjPk2'f’2Rl3{^ — I)Pk3lp3] 

Take the first expression: first consider the case k 2 = fca -1-0(1). We estimate, using 
theorem 3.10 

||Pfc[i?/3Pfc2(l - I)tp2RjPk3'>p3 - RjPk2{^ - I)'>p2R/3Pk3tf3]\\LlLl 
< 22'=(w-^)||Pfc[R^Pfc3(l - /)V^2i?,Pfc3^3 - - m2RpPk3H\y^Ll+^ 


e 
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Next, in case << ks, we estimate 

\\Pk[Rl3Pk2i^ - I)'^2RjPk3fp3]\\L^Ll 

cGCk3,k2-k3 


The remaining term is estimated similarly, as is the case when ^2 >> ^ 3 - Further, 
if for example ^2 = ^3 + 0(1), we can estimate 


\\Pk[Rl3Pk2li’2RjPk3fp3 - RjPk2l^2Rf3Pk3^3]\\^Ll 

< 2(^-^^’^\\PML^Pp\\Pk3^3\\LrLl < 


)k2 ^^2 


e 


The remaining cases k = k 2 + 0{1), k = ks + 0{1) are handled similarly. Now 
assume that both Pk 2 fp 2 and PfegV's are of 2nd type. In that case, if ki = k 2 + 0(1), 
estimate 


\\Pk[Rf3Pki^lPk2Rji’2]\\L^^Ll ^ 2^^ ''^^l|-R/3-PfciV’l||L“L2 I |Pfc2V’2 11^2^2+ 


The remaining frequency interactions are treated similarly. 


Returning to case (La) when at least one of Pk2,3'4’2,3 is of 2nd type, we claim 
that we have the estimate 

||Va;,tPfco[Pfci5f/'lV~hl - I)Pk[RuPk2'4’2R]Pk3'4’3 - R]Pk2'4’2RuPk3'4’3]]\\N[ko] 

^ 2<5i [miiij-a .■iIfc,fc,>-max,=9..sIfc.fcTl2-»?2(|fc-fci I) +^2 _|_ 

e e ” 

One could then sum over all frequency parameters (except fco) and obtain the 
required exponential gain in i under the hypotheses of case (l.a)^®. To verify this 
estimate, we may assume fco = 0. One needs to distinguish between ki G [—10,10], 
ki > 10, ki < —10. These are similar, so we treat the first case: we have 

||Va;,tF’oQ>lo[F\i^V'l^~^(l ~ I)Pk[RvPk2i’2RjPk3tp3 — RjPk2i’2Ri2Pk3'4’3]]\\Nl0] 

^ ||FbQ>io[-Pfci(5V'iV”hi - l)Pk[Ri2Pk2tp2RjPk3i^3 - RjPk2i^2Ri2Pk3tp3]]\\L‘^Li 

^ I|F\i'^V’i||l°°L 2 2 ‘”“*^2’""^ 2'^^ min{fc2-fc3,0}2fe min{fc-fc2,0} 

^ t X g g 

One checks that this verifies the claim, with a lot to spare. Next, we can estimate 
11 ^ x^tPoQ<10 \Pki ^<fc—100*^^! 

V^(l - I)Pk[Ri,Pk2ll^2RjPk3i^3 - ^iFfe2V'2^i.F’fc3'03]]IU[O] 

^ x^tPoQ<lo{PkiQ<k—100^'^l 

V“^(l — I)Pk[RuPk2i’2RjPk3'tp3 — RiF\2V'2-Ri/F’fc3'03]]|| . 

+ 2 min{fc,fc3} mintfc2—fc3.0l2+ fc—fc2.0lg^ T ^^2 ^^3 1 


^®The cutoff Xi(0 front is handled as before. 
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Again this verifies the claim. Finally, we have the estimate 

Q>k— lOO^V^l 

Vhl - I)Pk[KPk2lp2RjPk3i^3 - R3Pk2'>p2Ri.Pk3'^3]]\\N[0] 

^ \\'^x,tPoQ<lo[PkiQ>k-100^'4’l 

- P)Pk[Ri3Pk2'>p2RjPk3tp3 - RjPk2'>p2Ri2Pk3i’3]]\\LlH-^ 

^ \\PkiQ>k-100^4’l\\L^Ll 

||V~hl - I)Pk[RuPk2lp2RjPk3'<p3 - RjPk2'<p2RuPk3^3]\\L^L^ 

o— 4 2 minifc2—fc3. 0101^2 mini k—k2.0\^^ r ^fc 2 _j_ ^^3 l 

e e 

as in the preceding estimate. This concludes case (La). 

(Lb): i < \k\, i < \ki\, and none of the properties in (La) hold. Thus in this 
case, we have k < —i, ki < —t, \k — ki\ << i; we may treat the last difference as 
0(1)^®. In this case we have to work harder to obtain the exponential gain in i, 
since the previous trilinear estimates won’t suffice. Observe that we only need to 
worry about the case r = 0, though, since otherwise one can pull a derivative out of 
the inner square bracket expression. Also, we may easily reduce the Fourier support 
of Pk2,3f^2,3 to the hyperbolic regime^° (distance to light cone at most comparable 
to frequency). First, consider the case |fc| > (1 + p)i, for some small ^ > 0. In that 
case, we have 


x.tPkoX^{t)[Pk^d'^|)l^ ^(I - I)Pk[R,2Pk2i’2RjPk3i>3 - RjPk2i’2RvPk3f’3]]\\N[ko] 
< W'^x,tPkoXi{t)[PkiQ>k-1035'lfl 

V"^(I - I)Pk[R^Pk3'lp2RjPk3'<p3 - RjPk2'<p2RvPk3f^3\]\\N[ko\ 
+ x,tPkoXr{t)[Pk3Q<k-imHl 

V^(l - I)Pk[RuPk2i)2RjPk3i’3 - RjPk2i’2RyPk3f’3]]\\N[ko] 


The first summand is further decomposed as follows: 

11 Pfco Xi (t) [Pfei Q>fc-100 

V“^(I - I)Pk[RvPk2'f’2RjPk3l(3 - RjPk2l(2RvPk3f’3]]\\N[ko] 
^ 11^ X.tPkoQ>kQXiil^) [Pki lOO^V’l 

V“^(l - I)Pk[R,2Pk2l(2RjPk3l(3 - RjPk2l(2RuPk3f^3]]\\ . 

^ko 

T 11^ x.tPko C<fco X* (t) [Pki Q'>k—100^ 

V“^(I - I)Pk[RuPk2'>p2RjPk3'>p3 - RjPk2'>p2RuPk3'f’3]]\\LiH~i 


do this in order to avoid carrying too many small constants around; this is legitimate 
since the exponential gains obtained later are independent. 

^*^We shall not include the localizers Qak^ 3 everywhere in order to streamline notation. 
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We then estimate 

11 ^ x^t^ko ^>fcoXi(0 [-^^1 Q^k—100^'^1 

V“^(l — I)Pk[Ri,Pk2i’2RjPk3'tp3 — RjPk2i’2Ri>Pk3'ip3]]\\ . 

Wo 

^ 2^||X*(t)||L2||Pfc^(5>fc_ioo(5'i/'l||L~L2 

||V“^(1 — I)Pk[RuPk2i’2RjPk3'tp3 — RjPk2'4’2RvPk3'4’3\\\Lf^ LI 

< 2 ^ + 54 ^ < 2-^*5fci 

Similarly, we have 

11 ^a:,t-Pfco Q<kQ\i [^ki Q>k—100^'4^1 

V“hl - I)Pk[R^Pk2'fp2RjPk3i’3 - RjPk2i’2Ri2Pk3'fp3]]\\LlH-^ 
<2'=°||w(t)|h2||P,, 

Q>k-10oSi^l\\L'^Ll 

||V~hl - I)Pk[RuPk2'>p2RjPk3^3 - RjPk2i’2RuPk3i’3]\\LrLl, 

and this is controlled by 2^°“4+icfej < 2“'2*Cfcj as desired. The remaining terms 
are handled similarly. Thus we now assume that i |fc| < (l + /r)|z|. We then claim 
that we may replace the operator (1 — I) by Q^k. Indeed, we have 

x,tPkoXiit)[PkiHl 

V“^(l - P)PkQck[RuPk2'4’2RjPk3'4’3 - RjPk2i’2RvPk3'4’3]]\\N[ka] 

< X! \\^ x,tPkoX^{P)[Pk^Q<a-Wo5'4)l 

fe+100<a<| 

V“hl - P)PkQa[RuPk2i^2RjPk3'<p3 - RjPk2'<p2RvPk3i^3\]\\N[ko\ 

T ^ ' I Va:,t.Pfco X* (0 [-^fcl Q>o—lOO'^V’l 

fc+100<a<|. 

V“^(l - I)PkQa[RiyPk2i’2RjPk3lp3 - Rj Pk2'<p2R,^ Pk3^3]]\\N[ko] 

We treat the hrst summand, the 2nd being similar. We have 

I V x,tPkQ [XZ (0 [Pki Q<a—lOO^V^l 

V“^(l - I)PkQa[RiyPk2lp2RjPk3lp3 - -Rj-Pfc 2 V’2-R!2T’fc3 V's]]] I |iV[fco] 

^2 ^ \\PkoQa+0{l)[Xi{^')[PkiQ<a—100^'^l 

V^l - ■f)RfeQa[Ri.Rfe2V'2RiRfe3V'3 - RjPk2'>p2RuPk3'(p3]]]\\L^,Ll 

^2 2 Cfci 

This is clearly acceptable. We now notice the identity 

-2{dt'tp2dr'lp3 - dr'tp2dt'tp3) = {dt + dr)lp2{dt “ 9r)V'3 “ “ dr)i^2{dt + dr)lp3 
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Applying this to our frequency localized situation, we have the identity^^(recall 
that ' 01,2 are radial) 

= —[(^t + dr)V~^Pk2Q<k2lp2idt - 5r)V~^Pfe3Q<fc3 03 

r 

- {dt - 5r)V~^Pfc2(5<fe2 02(5t + 5r)V“^Pfe3(5<fe3 03] 

Now let 0 G C^(R) be a smooth cutoff and use the decomposition 

02,3 = 0 ^-^ (■u) 02,3 + ( 1 - 0 ^-^ (■u)) 02 , 3 , where u = t-r and 0 a(m) = Now 

Proposition 2.2 implies that 

||X^(^)0^_^(M)02,3||L2 < \jt-^ XtX 2"* < 2-3T 

Now let ^ = 5 and return to the full expression. We first estimate the 

large-modulation contribution: 

\\PkoQ>ko'^x,tXiit)[PkiHl 

y~^PkQ>k[RQPk2Q<k2 [02-^('w)02]P*Pfe3<5<fe3 03 

RiPk2 Q<k2 [0^- (^)02]Po^fe3 Q<fe303 11 Af[feo] 

^ \ \PkoQ>ko'^X,tXi(t)[PklStpl 

PkQ>k[RoPk2Q<k2 [0^-^ ('«)02]-Ri^'fe3(5<fe3 03 

— RiPk2Q <k2 [ 0 „- 0r (^)02] AoPfe3 (5<fe3 03 II . - 1 ,-1,2 

<2-^2(i-)'=°-'=0|x0t)||^4+||Pfc,00111^4+^^ 

I |PoPfc2Q<fe2 [02" ■0F ('*^)02] I \l^LI I |-ffe3 03l I 

e 

Keeping our assumptions on the frequencies in mind, this is more than what we 
need. Next, restricting the expression to modulation < 2^”, we have 

I |PfeoQ<fco^a;,tXi(0 [^’fci >^01 

V“^Pfc(5>| [Po^fe2Q<fe2 [02-^ (■*^)02]-Ri-Pfc3<5<fe3 03 

- Pj Pfc2 Q < fe2 [0^ „ ^ 02 ] Po ffc3 <3 < fc3 03 I U [fco] 

^ 'y [ I l-Pfeo Q<feo ^a:,tXi (0 [-Pfci Qa-|-O(l)^01 

fc 2 + 0 (l)>a>f 

y~^PkQa[RoPk2Q<k2 [0„-*('w)02]AiPfc3Q<fe3 03 

~ RiPk2Q<k2 [02”^ (w)02]Po-Pfc3Q<fc303| I LlH-^ 

< ^ 2““''25+ ||Xi(t)||^4+||Pfcj(5o+O(l)50l||L2^oo 

fc 2 + 0 (l)>a>|- 

1102-'30 ('*^)02 I I |-Pfe3Q<fc3 03 11 L*~ Lt^ 

^^Recall the suppressed localizations, see previous footnote. 
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We can bound this by 

20-^2 

Our assumptions ensure that we may sum over | < a < + 0(1), resulting in 

an exponential gain in i. An identical argument may be used when 

is replaced by Pk 3 Q<k 3 [<^ (■u)'i/'3], so we may replace both Pk2,3Q<k2,3i’2,3 by 

Pk 2 3 Q<k 2 3 [(!“<(' (■w))V’3]- In that case we utilize the null-form identity recorded 

’ ’ 2 2 + 

earlier: use 

RoPk2Q<k2[i^ - '^„^^)V'2]i?*-Pfc3Q<fc3[(l - -^)V’3] 

- i?jPfc2Q<fcJ(l - <()^„^)f/'2]Po-Pfc3Q<fc3[(l - <('2-2V ^^3] 

= ^[{dt+dr)V-^Pk3Q<k2[{l - <(- -^)^ 2 ]( 5 * - dr)V-^Pk3Q<k3[{l - 

'P 2 ^d“ 2 ^d“ 

- - dr)V-^Pk3Q<k2[{l - + dr)V-^Pk3Q<k3[ii - )V'3] 

'p 2 ^d' 2 ^d" 

We can now exploit the fact that ||| < < z(l — S) for /x small enough, as 

well as To large enough. Thus we may move the multiplier xjt) past the Fourier 
multiplier V~^PkQyk while trading in errors exponentially decreasing ^^outside of 
t ~ 2*. In other words, under the present assumptions on the frequencies, we may 
write schematically 

x,tPko [Pki5\piXI~^PkQyk[,]] 

= X*(t)Va;.iPfco [-Pfci^V'lV”^PfcQ>|(X*l(t) +Xi2(t))[,]], 

where Xii(t) is supported on t ~ 2* while |xi2(t)| ^ 2~^'‘ for t < as well 

as |xi2(t)| < for t » 2*. It is then easy to verify that this leads to acceptable 
terms, so we may focus on the contribution of XiJ^)- We shall want to move the 
operator dt + dr past the Fourier localizer Pk 2 Q<k 2 - We write 

Pk2Q<k2[{^ - (m))V' 2] 

2 ^-r 

= Pt{r)Pk2Q<k2 [(1 - (m))V'2] + (1 - Pzir))Pk2Q<k2 [(1 - («))V'2], 

where Pi{r) localizes smoothly to a disc of radius ~ 2*“^° around the origin. Now 
on account of the fact that V~^Pfe2 is given by a convolution kernel which decays 
rapidly outside of a disc of radius < 2rT, we see by means of Proposition 2.2 that 

\\x^lit)p^{r)^~^Pk2Q<k2[{^ - d^-^{u))i’2]\\L^ < 2"^ 

One then easily concludes that the contribution of this term is negligible: indeed, 
plugging it into the inner bracket instead of Pk 2'^2 and using schematic notation, 
we can estimate for example 

I \Xiit)'^x,tPko [Pk3Q<k3-iooS'ipiV~^PkQyk{xti (t )[, ])]I |iv[fco] 

^ \\x^i^t)'^x,tPko[PklQ<kl-looS 1 pl'^~'^PkQ:>k{x^lit)[,])]\\ .-1,-1,2 

Wo 

< 2+^~’^\\PkiQ<ki-10oHl\\L’i°Ll\\PkQ^k{Xil{t)[,])\\L'{Ll^ 

^^More precisely, these errors behave like [1 -|- for t < and [1 + 

2-(i-5)i(2i+6 _ ^ y 2*+^ provided Xiit) is supported in [2*““, 2*+'’]. 
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where 

I \PkQ^k{xii (t) [, ])| 

< \\Xil{t){dt + ^r)[p^{r)\/-^Pk^Q<kA{^ - <P^-^{u))i^2]]\\L^^L^ 

11(9* - dr)V-^Pk,Q<kM - (^))H\\LrLl 


Our assumption |A:| < {l+p)i shows that putting these estimates together gives an 
acceptable bound. The contribution of PkiQyki-woSipi is handled similarly. Now 
consider the contribution of the term with pi{r) replaced by (1 — pi(r)). We use 
the fact (see e. g. [36]) that 

[^(1 - p.(r)), Pk,r = ” 2 -'=^V(^(l - p.(r))) 
r r 

where the latter expression stands for a weighted average of translates of the deriva¬ 
tives of ^(1 — Pi{r)). Notice that 


||V.(^(l-p.(r)))|U~ <2-, 

r 

hence the contribution of the commutator is treated exactly as the contribution 

of the term pi[r)Pk2Q<kQ.[{^ ~ 4’ --l (■u))V’ 2 ]- This finally allows us to move the 

2 2+ 

operator 9* + dr past the operator \/~^Pk2Q<k2- Arguing as before, one can also 
move the operator Xii(t) past the localizer ^~^Pk2Q<k2i generating acceptable 
error terms. Using lemma 2.4, we can now estimate 


\\Pk 2 Q<k 2 ^ - Pi{r))(.dt + 9r)[(l - (w))V'2] 

(9* — 9r)V Pk^Q<k 3 {{^ — (^))'*/'2]||l2^J 

< ll^\2<9<fc2V”^X*i(t)(l -p*(r))(9t -b9,.)[(l - (t>^_^{u))^2]\\LlL-s‘ 

11(9* - 9,.)V"iPfc3Q<fc3[(l - 4>^-^{u))'4’2\\\l’^li 


< 2~^ 


Proceeding as before, one deduces from this (and an analogous estimate for the 
term with (9* ± dr) interchanged) the following estimate for the full expression: 

I|x^(^)V..tPfco [PkMi^-^PkQ>^ [, ]] \\Nlko] < 2^-'=2-^gfe, 

Since \k\ < (1 -I- p)i and by assumption ko < k + 0(1), choosing p small enough 
allows us to get an exponential gain in i. This concludes case (Lb). 

(I.c): None of (La), (Lb) hold, and i < jfcij. This then implies 1 ^ 2 , 3 ], \k\ << i, and 
we shall treat these as 0(1). Note that also necessarily i < ki = ko + 0{1). One 
first reduces Pk2,3'f’2,d, to modulation < 2 *^% where 5 is very small but such that 
2“^* >> max{|A: 2 , 3 |, j/cj}. We shall treat the latter quantities as 0(1). To achieve 
this, one estimates for example 


WPUqQ <.kQ^ x,t"X,i{^^\Pk\Q (1 —10 

< 2“2*||Pfc^5'i/'l||L~L2||Pfc2Q>5iPi/V'2||L2L2 ||Pfc3V'3||L”L~ < 2“^*Cfei 
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Similarly, one has 

I [^ki (1 [Pk2Q>Si‘4^2^ <Si—lQ'^3\] I 

^ \\PkiQ>Si-lo5'lpl\\L^Ll\\Ri'Pk2Q>Si'ip2\\L^L^\\Pk3'tl’3\\L^L^ + etC 

Si 

£2 2+Cfc^ 


The estimate when Pk3Q<Si-w4’^ S^ts replaced by Pk^Q^Si-wi^i is more of the 
same. Moreover, we have by assumption 

\\PkoQ>ko^x,tXi{t)[Pki 5 'ii)iV~'^{\ - i)[Pk 2 Q>sii’ 2 ,Pk 3 '^?]]\\ . 

fco 

< 2“ ^ I |Pfei (Jf/'l 11 lM ^2+ \\R^Pk2 Q>5ii’2 1 \l^lm WPksipaW Ll+ L~ > 

which leads to an acceptable estimate. Now we estimate 

I |-^fco ^<^0 x^t’Xiij^') \Pki Q<fc— 

V“hl “ I)Pk[Pk2Q<5i'>p2,Pk3Q<5i-W4’3\]\\ . 

^ko 

< 2'^^^\\Pk35'lpi\\L^Ll\\Pk2Q<SiXiit)i’2\\LfL^\\Pk3Q<Si-10'ip3\\L^^ + L^ 


(I.d): None of (La), (Lb), (I.c) hold. In this case, we may treat all of fc,/cj, z = 1,2, 3 
as 0(1). The exponential gain in i is again obtained as in the preceding case. This 
concludes the treatment of case (I). 

(II): The 2nd term. This term is significantly simpler than the preceding one: note 
that if at least one of |fc|,|A:i|, z = 0,... 3, is of size at least comparable to log 2 Tq, 
one gets an exponential gain in Tq from lemma 3.16 in conjunction with lemma 4.2 
and the calculations in (I), provided Pkif) is of first type. If it is of 2nd type, and 
-PfcsV’a of 2nd type as well, one also argues as in (I). If PfciV’i is of 2nd type, but 
-f’fcsV’s of first type, one uses the estimate 

\\Pk[Rl3Pk2Q<k2S'>p2RjPk3Q<k3i’3 - RjPk2Q<k2Si’2Rl3Pk3Q<k3(j3]\\L^Ll ^ 2 ^" 


and (with a similar estimate when Q<ck 3 is replaced by Q>k 3 ) 


I \ Pk [R/3Pk2 Q>k2 Cc3 Q < fcs V’3 PjPk2 Q>k2 '^'02.R/3Tfe3 Q<fe3 V^s] I IlJL^ 


( 20 ) 


Using the first of these, one gets for example when ko = ki + 0(1) 

\\^x.tPkoQ>koX{7^)[Pki'>Pl^~^ ^ 9j(l - I)Pk[Rl3Pk2Q<k2Stp2RjPk3Q<k3i’3 

<k2^'4^2Rf3Pk^ Q<fc3'^3]] 11 . -1 ,-1,2 
^fco 

< 2“~||Pfei'0l||^2j;,2+||A“^ ^ dj{l - I)Pk[Rf3Pk2Q<k23fp2RjPk3Q<k3i’3 

1 = 1.2 

-Rj-P/c2Q<fc2 ^'4^2^13PksQKks'^^s] \ \l^L^ 


which is bounded by 


2 (fc—fco)(l —e)2<5[min{/i:2,^3} —max{fc2,fc3}]^^ *"^2 ^ks 

^ € € 
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Assuming max{|fc|, j/ci} to be at least comparable to (51og2To and summing over 
^ 2,3 results thus in the estimate CfcjTg”^. Using the 2nd of the above inequalities, 
( 20 ), and placing Pkiipi into L^L‘1 results in a similar estimate provided ko = ki + 
0(1). The remaining frequency interactions ko << ki etc. are handled similarly, 
as well as the contribution when Q>ko is replaced by Q<ko- Thus assume now that 
all the occuring frequencies |fc|, \ki\, i = 0,... ,3 are of size < S\og2To. Then we 
use Proposition 2.2 directly in conjunction with 3.4(b) resp. lemma 4.3, to get 


||V,,tPfc„Q>fc„x(7^)[^fciV'lA-l V d,{l - I)Pk[Rf3PkM2RjPk,^3 

- RjPk2Slp2Rl3Pk3i’3]]\\ 

^ko 

<\\Pk3X{^)MLrLT\\^-^ E dj{l-I)Pk[R0Pk2S^2RjPk3^3 

^ i-1,2 

- R]Pk2S'll’2R(3Pk3'ip3]\\L^Ll 

< Tq [cfc3 + Ck^] 


But using the dehnition of frequency envelope we have 3 < Tg^Cki, so we arrive 
at an acceptable estimate upon summing over the admissible frequency ranges. If 
we replace Q>ko by Q<ko, we can for example hrst reduce Pk^ipi to modulation 
< 2 (jlog 2 To, then reduce both of Pk2,3'^2,3 to modulation < 3i51og2To, and hnally 
estimate 

\\^ x,tPkoQ<koX{7^r)[PkiQk-W<.<2S\og^To'4’l 
Jo 

A-1 E ~ I)Pk[R/3Pk2Q<3S\og2To^'ip2R]Pk3Q<3S\og2To'ip3 

3 = 1,2 

— RjPk2Q<3S log2 To^'4’2Rl3Pk3Q<3S logj TqV's]] 11 L\H-'^ 

< \ \Pki Qk-10<.<25 log2 ToV'l I 11 Vx.tV'^PfcjQoilog^ To5i’2\\ ^ 2 + 

-ffca Q<3(5 logj To'*/’31 

Arranging that \ ^ » 5 and using the usual properties of the frequency en¬ 

velope easily results in the desired bound. If one replaces PfciQfc-io<.< 2 ( 5 iog 2 TqV’i 
by PkiQ<kiii, one can estimate the output with respect to in the same 

manner. This hnishes case (II) and thereby the large modulation case (A). 


(B): The small modulation case. We now study the expressions 

(/) : E djI[Ri3'>p2Rj-lp3 - Rj')p2Ri3i’3]] 

3 = 1,2 


(//) : d'®[V’aA ^ E 9jI[R/363lj2Rj'lp3- R3Slp2Rl3'>p3]], 

3 = 1,2 

as well as the analogous expressions 

(III) : E djI[Ri3i!2Rjili3 - .RjV'2P/3V'3]] 

3 = 1,2 
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{IV) : 5^[V’/3A ^ ^ djI[R06'ilj2Rji^3 - RjSij2Rf3i’3]] 

i=i .2 

(V) : dalS-lp''A~^ ^ 

i=i,2 

(FI) : aa[V'''A“^ ^ djI[R^Stp2Rjip3- RjH2Ru1p3]] 

i=i.2 

As is, these terms cannot yet be well estimated, and we need to further decompose 
the first input into a gradient part and elliptic error term: thus for example we 
write in term (I) 


6 'lpa = RaH + 

Relegating the error terms involving Xa until later, we substitute RaS-ip for Sipa, 
and similarly for the other terms (II)-(VI). We commence with the sum of first and 
fifth term in the list: 

(I): (I+V): As in the large modulation case, we shall have to consider various types 
of frequency interactions. We also reiterate the decomposition 

X! 9jI[Ri3'lp2Rj'lp3 - Rj'ip2Rl3i’3]] 

° i=1.2 

+ X{7^)9a[R''S'>pA~^ ^ djI[R^pJ2Rj'>p3 - Rjp22RupJ3\] 

= X! X^{t)[^^[RaS'lp‘^~^ djI[Rf}i’2Rj'lp3- R]'ip2Rl3'lp3]] 

i>log 2 To i=l ,2 

+ da[R''StpA~^ ^ djI[R:,'lp2Rj1p3- Rji’2Ru1p3]]] 

3 = 1,2 

We frequency-localize this to obtain the following expression: 

Xi{t)Pko[d'^[RaPkiStpiPkA~^ ^ djI[Ri3Pk,,'lp2RjPk3lp3 - RjPk2lp2Rl3Pk3lp3]] 

3 = 1,2 

+ da[R''PkiSlpiPkA~'^ ^ djI[R^Pk3'lp2RjPk3lp3 - RjPk2lp2RuPk3lp3]]] 

J = 1.2 

Now we subdivide into the following possibilities: 

(La): One of the following options hold: i < \k2\, i fP l^sl, i ^ |fco — fci|, i < 
min{|fc — ki\,\k — k2 \}. In this case, we obtain the desired estimate involving an 
exponential gain in i from 3.4(c) as well as lemma 3.16 if both Pk^ 3 ^ 2,3 are of the 
first type. If at least one of them is of the 2nd type, this is again straightforward 
due to the strong estimates satisfied by these: then we have 

llPfcA"^ ^ djI[R(}Pk2lp2R3Pk3lp3- R3Pk2lp2RpPk3lp3\\\LlL'^ 

3 = 1,2. 


€ € 
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ll^feA djI[RjsPk2tp2RjPk3'4’3 RjPk2'4^2Rf3Pk3'4’3]\\i^ii,l+ 

j=l ,2 

2^ — k{l — e) <2S[min{k,k2 ,k^} — ma^{k,k2 ,^ 3 }] ^^2 ^^3 

e e 


From this we get 
\\PkoQ<ko [d^[RaPkiStpl 


Pk^ ^ F] ^3^[P(iPk2i22RjPk3'ii^ - RjPk2'i'2R(}Pk3i’3\]\\LlH-^ 

i=1.2 


,^ 3 } —max{fe,fco,--- ,^ 3 }] 


n 


The contribution when one has PkoQ>ko in front is even simpler and left out. Term 
(V) is treated by exact analogy. 

(Lb): i < \k\, i < \ki\, and none of the properties in (La) hold. This implies 
k, ki < —i. We may and shall assume k — ki = 0(1), kg — ki = 0(1). Also, we may 
and shall assume that |A: 2 , 3 | = 0(1). We shall again treat term (I), term (V) being 
treated analogously. We start out by observing that we may assume k > — i(l + /i) 
for any p, > 0. Indeed, assume the opposite. Again considering term (I), we have 

\\PkoQ<koXiit)[d^Q>ko + W0[RaPkiS'llJiPk 

^ djI[R/3Pk2l(2RjPk3f’3 - RjPk3f’2RpPk3f’3]]\\LlH-^ 

i=1.2 

< E \\PkoQ<koX^m^^QJ[Ro.Pk3QJ+oil)SM 

ko + 100<j<-i+0(l) 

^ djI[R/3Pk2l(2RjPk3f’3- RjPk3f’2RpPk3f^3]]\\LlH-^ 

i=1.2 

^ X! ‘^^\\Xt{'t)\\L^J\RaPkiQj+0{l)Sf’l\\L^Ll 

ko + 100<j<-i+0(l) 

\\Pk[^-^Pk3i’2Pk3H\\LrLr 

One checks that this is estimated by < which is acceptable. Similarly, we 

estimate 

\\PkoQ<koXiit)[d'^Q<ko + W0[RaPkiS'llJi 

PfeA"^ djI[R/3Pk2'l(2RjPk3f’3 - RjPk2l(2RpPk3f’3]]\\LlH-^ 

i=1.2 

||AfeA“^ djI[RpPk2'fp2RjPk34’3 - RjPk24’2RpPk34’3]\\L'^Ll, 

3 = 1.2 

which, upon using 3.4(b) as well as lemma 4.3, can be estimated by < 
which is acceptable. 

The estimates when Q.^ko is replaced by Q>ko are similar. Thus we now assume 
that |A:| < i(l + /r). Arguing as in case (A)(I.b), we may replace Pkl be PkQ^t 
while only generating acceptable error terms. We may then move the multiplier 
Xi{t) past the operator Pk'^~^Q^k, and transform the latter back into V~^PkI 
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innocuously. Proceeding as in [23], we intend to exploit the null-structure of the 
expression. Before being able to do so, we need to effect a few more reductions: 
we need to reduce the modulation of the output and first input to size < 
respectively. For this, note that 


\\PkoQ>ko+wo[d'^[Rc.PkMiPk 

djI[R/3Pk^X^(t)'<p2RjPk3^3 

i=i,2 

^ 11 Pko Q>ko + 100 [d^ [RaPki Q>ki Stpi Pk 

Y djI[R0Pk2Xi{t)ip2RjPk3'^3 

j=l ,2 


PjPk2Xi{^)'^2R/3Pk3'4’3]] II 1 ,-1,2 


PjPk2Xi{t)'^2Rl3Pk3'4’3]] 11 1,-1,2 


<2 \\RaPkiQ>kiS'tpi\\i^2];^<=^\\Pl,[V ^Pk2i>2Pk3R0i’3]\\L^Ll 




We can also reduce Pk2,3^2,3 to modulation < 2 ™'^^f^ 2 .fc 3 }-i- 0 (i) ^ p^j. 


11 Afe/[V Pk2 '02pfc3 Q>max{fc2,fe3}-l-100'*/’3] I IlJL^ 

< ^ 2'=||V“lPfe,Q,+o(l)V’2||L?Lil|Afe3Q,V’3lL?L2 

J>max{fc2 ,/c3} + 100 

< E — 2 m) max{fc 2 ,fc 3 } 


J>max{fc2 i^sl + lOO 


^ 2 — ^2 ^^2 ^^3 

e e 


|V ^Pfe2V'2||^-(l_,.),l-^,l||P’/C3'i/'3||^-(l-,.),l-l,,l 

k2 ^3 


From this one deduces that for a = max{fc 2 , ^ 3 } + 100 


WPkgQKkg+owid^^iPaPkiS-tpi 

PfeA"^ Y ^jI[R0Pk2X^(t)'(p2RjPk3Q>atp3 - RjPk2X^(t)i’2R0Pk3Q>a'>p3]]\\LlH-^ 

i=i,2 

< \ \RaPkiQ<ki+Oil)^'^l\\L^L^\\PkI['^~^Pk2i’2Pk3Q>max{k2,k3} + 10oi’3]\\LlLl 

< r,k-k2~ *^*2 Cfc3 

^ ^ki 

e e 


One can sum over the appropriate range of ^ 2 , 3 , deducing the desired estimate. We 
shall always assume these reductions of modulation, but sometimes omit them to 
simplify notation. Now we expand the null-structure as in [22], [23]: schematically 



The proof of Proposition 3.17 


45 


we have 

2 

2 ^ A-^dj[R,fR,g - RjfR^gWh 

2 2 
= ^ U[A-^d,[^-^fR,g]h] - ^ UA-^d,[^-^fR,g]h 
i-1 i-i 

2 

- ^ A-^d,[^-^fRjg]Uh - V-Va((V-^5)M 

i=i 

+ V-Vn(V-i5)/i + V-V(V-i5)D/i, 


2 

^ - RjfR,g]h 

i=i 

= ^[A-i9,n[V-- ^□[V-Vv-'g]/i 

i=i 

+ inv-Vv-ig/i - iy-Vn^/i] 

The first of these identities is useful when the outer derivative falls on the first 
input RaSilJi. The 2nd is useful provided the outer derivative lands on the inner 
square bracket. We shall treat each of these terms. Clearly, the terms in the 2nd 
expansion are almost identical to the ones in the first. We treat the first in detail, 
the 2nd being treated similarly. 

(I.b.l) The first term in the expansion. This is the expression 

PkoQ<ko^RaPkiQ<koHlPkA~^ ^ djI[V~^Pk2Xiit)'^2RjPk3'f3]] 

i=i.2 

This is straightforward to estimate: we have 

\\PkoQ<ko^[RaPk3Q<koStplPkA-^ ^jI[V~'^Pk3X^(t)'>p2R3Pk3'>p3]]\\^^l-l.l 

j — 1,2 ^0 

< 2“‘^||i?aPfei(5<feo(5V’l||L“LM||V“^Pfc2X40V’2lh2+ioo||J^fc3V'3lhM^2+ < 22+Cfci 

(Lb.2) The 2nd term in the expansion. This is the expression 

PkoQ<ko[RaPkiQ<koHlPk^~^ Y ^j'^^l^~^Rk2Xi(.t)'^2RjPk3'<p3]] 

i=i.2 

This turns out to be significantly more complicated. The reason for this is that 
we need to exploit the bilinear inequality 3.4(g); using Strichartz type norms here 
appears to result in a loss in the low frequencies, or in i. The only way we can 
possibly squeeze out a small gain in i is to exploit the temporal cutoff Xi (f) applied 
to Pk2'f2- This is a non-trivial task on account of the fact that the only way to 
place the inner bracket [, ] into appears to involve null-frame spaces. Our 

main tool for this is the following lemma: 
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Lemma 4.4. Let C be a sufficiently large number. The following limits hold: for 
any k with \k\ < iqooc ^’ arbitrary e > 0, 

lim \\PkQ[k-(i-e)i-CM[Xt{t)'4’u]\\ .0.1,00 =0 

1^00 

More precisely, for appropriate pL(e) > 0, we have 

.0,1,00 < 

Next, denote by Xi k. ® smooth bump function which localizes to the complement in 
the 2^^/C-neighborhood of the (physical) light cone of a slab of length 2®“^ centered 
at time t = 2®, angular opening 2 k with |k| ~ and distance < 2'^®/C' from 

the light cone. Then with the same assumption on k, 

lim ^ sup 2"5(^||Pfc,s 

lG[ 2 lOJ k^Ki K^K ^ — \ ^ 

Pu.kQ = 0 

More precisely, this quantity decays like 2“i‘® for suitable fj, > 0. 

Proof : We first estimate 

I x,tPkQ>k—{l — e)i [Xi(h “] 11 A[fc] j I x,tPkQ>k—{l — e)i [Xi (f) X] 11 A[fc] 

for arbitrary k G Z with |A:| < -^i. Observe that 

°[w + x'mi^)+x^m^] 

Therefore, we obtain for j G [k — {1 — e)i, k]: 

\\PkQJVxx^{t)-\\A^k] < 2-H\\Pk{xnt)-)\\^Li + 

y y y 

+ \\PkQjiXiii)^[ — ])\\L^^Ll] 

The first two terms on the right hand side are elementary to estimate, using Holder’s 
inequality, finite propagation speed and the energy inequality: 

\\Pkixnt)^)\\LUl ^ llx"WllL?ll^^fc(^)llLrL= < 2^2-2®2® <2-i 


\\Pkix'mi-mL^,Li < um^m-)\\LTLi-< r 

y t X t y t X 

We conclude that the contribution from these terms is at most 


< 'y ’ 2 ^2 2<2 2+y 

j>k-i(l-e) 


Proceeding to the last term above, we use the null-structure in (2) as well as Propo¬ 
sition 2.2 to get 


\\Pk{Mm-)\\^.Li 




{dt + drf 


= 11x4^)^--I-etc < 2 ® 

•\.r t X 


This establishes the claim for ^ because of 3.4(d). As far as dtPkQ>k+{<i-i)i{y) is 
concerned this only differs from the preceding as far as the estimate for 
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PkQ>kRodt{^)■ This is treated by using the equation for n(^) and arguing as 
before. The estimate for Iny is similar. We now establish the 2nd inequality 
stated in the lemma provided is replaced by V^j^tlny. First, let (j) G 

be a rotationally symmetric free wave with = {0,g{x)). We use 

the representation formula 

Pk,K(l){t, x) = c [ J^(g(|^|)TOfc(|^|)|Cna«,(u;)(-t + X ■ uj)duj 

Js^ 

-c / P{g{\^\)mk{\^\)\^\'^)a^{uj){t + X ■ uj)duj 

Js^ 

where(committing abuse of notation) we wrote g{^) = g(|CI)- Now assume that 
11(1 + Vf"j|)5(|CI)ILf^i < C. This implies that 

llx4-mff(ICI))(.)IU=<2-“ 

Now observe that on the support of have 

|t ± a; • u;| > —1< — |a;|| + ||a:| ± X • w| > ||t — |a:|| — |a;| sin < x, =Fw | > c2*'^ 

Next, observe that the multiplier smears out the Fourier support in the 

angular direction by an amount ~ 2~‘' '2^ , while |k| ~ 2 * 2 ' and |fc| < This 

entails that one can include an operator ^ with the same properties as Pk,K in 

the expression and reason as follows^^: 

2"^||Pfe.s X! xl^>,{i',x)Pk,KQ^(t)\\pw[±k\ 

2 ^ 

= 2"5||Pfc,« Pk,^Xl:fKit,x)Pk,^Q^(j3\\pW[±k] 

KeJC (e-l) 

2 ^ 

<2*^( Y \\xlp^cit,x)Pk,KQ^(l)\\lw[±K])^ 

kGK ,Kr]2k^<J) 

Using Plancherel’s theorem, we can further estimate this as 

hGK ,Kn2/i^0 ujGh 

<2-“X E [/ ll(l + Vf5|)ff(|?|)|L2^a.Mda;]2)5 

k,gK (e-i)i tiJGn 

Using Cauchy Schwarz’ inequality, this leads to the estimate 

2-^E(EII^^.- E xlpAt,x)Pk,.Q^cj,\\l^^^-^)i 

ih h^Ki k^K (e-i) 

2 

<2-“«||(l + Vf5|)g(|^|)||i2^^ 


^^Let microlocalize to the upper or lower half-space r >< 0. 
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Now we proceed to the inhomogeneous situation at hand: let S{t) denote the free 
wave propagator, i. e. 0 [S(t){f,g)] = 0, S{0){f,g) = f, dt[S{0){f,g)] = g. Also, 
let U{t)g = S{t){0, /). Then we can write 


-{t ,.) = .), 9t[-](0,.)) + r U{t - s)n[-](s, .)ds 

y y y Jo y 

Reasoning as above, we immediately get the desired estimate for the linear part. 
As concerns the inhomogeneity, we decompose the integral as 

pt ^2 ^ ^ pt 

U{t-s)n[-]{s,.)ds= U{t-s)a[-]{s,.)ds+ C/(t-s)n[-](s,.)ds 

Jo y Jo y j2^* y 

Then we observe that from the argument given above we have for I G —10] 

. JO y 


< 2 


kSiKl Kg if e-1 

— eairf — k\ \ [—i f ^ 111 

2 \\x 

y * * 


< 2-2' 


provided ^ << a and we choose a > 0 small enough, by the proof of Corollary 2.6 
and finite propagation speed. Next, we can estimate by using 3.4(d): 


2'‘‘'X E ll^fcAK<5<fe+(,_i)*X*W[y,^C2(t-s)n[^](s,.)ds]||^,^[-])5 

K^K e-\ ■ 

2 ^ 

Call the integral in the preceding -0. From this we get control over the 2nd more 
complicated norm in the lemma: using Cauchy-Schwartz and the fact that ll.jlpwfK] 
is essentially unaffected by multiplication with bounded functions, we get 


2 ^ ( E/ E/ Xi,pK-Pfe,KO<fe+(e_l)i'*/’l IpW[±k]) ^ 

k£Kl ■ 

KgPTl KgiCe-l 


(23) 


and we just bounded this expression. The estimate for Iny is of course analogous. 
Let ^i(e) = ^a. Now we need to transfer these statements to 0,^. We recall the 
identity 


y y 


We observe as usual that = dy{^) — For example consider the term 

i^yg*Ej=i ,2 ^ other terms being treated similarly. One expands the 

exponential in a Taylor series, which results in schematic terms of the form 


afe0V ViV V2---V Vfe: 


where V stands for expressions like V stands for either 

or Also note that the coefficients of these expressions decay faster than 
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exponentially. Now apply a localizer Pkg, |fco| < loooc front. We redefine C 
so large that ^ << /ii(e), the latter coming from the preceding computation. 
We claim that if one of the input frequencies has absolute value greater than i6 
for suitable S > 5 q§^, one obtains an exponential gain in i for the norms in the 
statement of the lemma. This is done inductively: write the expression under 
consideration as 


V2---V Vfe-i)V 


^ loooc fr ^ 2 - If ^fci (•■•)) Pk 2'^2 are both of first type, one estimates 

using 3.4(a) 


||Pfe[Pfci(V'iV-V2...v-Vfe-i)v-ipfc3V’fc]|| . 0 , 1,1 

< ||Pfc^(ViiV-V2...v-Vfe-i)IU[feql|Pfe.V’2lU[M 

If one of them is of 2nd type, one places this into LfL'^'^ to control the portion 
of the output at modulation < 2^+^°° (the other portion being controlled by the¬ 
orem 3.10.). One obtains the same bound, and our decay assumptions on the 
frequency envelope yield the claim, provided one shows that the 2nd more compli¬ 
cated norm in the statement of the lemma is controlled by ||.|| . 0,^,1 • This follows 

from (11) as well as the preceding computation (23). In case k 2 < ~ ~ 5, first 

assume Pk 2'^2 to be of 2nd type. If k 2 > j — 10, we estimate 

||PfcQ4PfciV'lV-lPfe,V’2]|| .o^,..<‘^H\PkMLTLl\\'^~^PM\LlL^<‘^^Ck, 

If ^2 < J — 10, we estimate 

\\PkQj[Pkii’iy~^Pk 2 i’ 2 \\ \ .O.i.cx, ^ l|PfcQj[PfclV'lV~^Pfe2(5>i-loV’2]|| .o.l.cx, 

^k ^k 

+ \\PkQj[PkiQ>j-10'^l'^ ^Pfc20<i-loV’2]|| .0,J,oo 

^k 

Then we have 


||PfeQj[PfeiV'lV ^Pfc2(5>p-loV'2]|| .o.i.cx, ^\\Pkitpl\\L'i^Ll\\'^ ^Pk 2 Q>j-W ^2 

< 2^1 




Also, we have 

\\PkQ — Pfc2 ^<J— 10 V^2] I I .0,1,00 

^k 

< 2= ||PfcjQ>j_ioV'l||L2i2 ||V“^Pfc2(5<j_loV'2||L“L~ < Ck2 

Control over the more complicated norm in the lemma is a bit more difficult, and 
follows from a computation performed in the appendix, in addition to the calcu¬ 
lation (23) performed above: one again obtains the bound < Cfcj, and the claim 
follows by summing over ^2 < — iqqq(^ — 5. If, on the other hand, Pk24’2 is of first 
type, then one estimates 


||Pfe[Pfcil^lV-lPfe,V' 2 ]|| . 0 , 1 , 


^ ll^fcl^lll .r, ,_^,^0,i,l||Pfc2V'2|U[fc2] ^ 


with a similar estimate (using (23)) controlling the 2nd more complicated norm 
in the lemma. Summing over k 2 < — j^qqq^ — 5 results in the desired exponential 
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gain in i. Now assume ki < — j^qqq^ — 5. In that case, the claim follows from the 
estimate 


\\Pk[Pk^^iV' 


'^Pk 2 tp 2 ]\\^ 0 ,i 


- k2\\\PkMsik,]\\Pk2M 




by a calculation similar to the immediately preceding. Summing over fci < — 

5 results in the desired exponential gain. Having thus shown that we may assume 
|fci| < iQQQQ + 5, we apply the same procedure to the expression 
Pki Of course the frequency bounds will grow the further 

one continues this process, but this is counteracted by the rapidly decreasing co¬ 
efficients coming from the Taylor expansion^^. Arguing inductively, we see that it 
suffices to show that provided two functions ipi G 5(R^+^), ' 4)2 G 5(R^+^) satisfy 
the assertions in the lemma, then we get the same assertions for the expression 

Hfc Xi (t) [Pfci V'l V “ ^ V'2] 


where |fc|, |A:i|, \k 2 \ < Si, 6 « e. First, we estimate 
\\Pk[Pk^Q>k^-{l-e)i[Xi(t)'>Pl]'^~^ Pk2'>p2]\\ 0.^,1 
< (|fc| -h \ki\ + |A:2|)||PfciQ>fci-(i-e)i[Xi(0V'i]ll .o,i,i||V"^Pfc,V'2 

^ki 



^’"+^[fe2] 


We have used the bound on Pk 2 'ip 2 from theorem 3.10, as well as the easily verified 
fact that 

\\Pk,Q>k,-il-e)i[X^it)H\\■o.i.. < 

One proceeds similarly when Pk2'4’2 is replaced by Pk2Q>k2-(i-t)i'4’2- Thus it suf¬ 
fices to consider the expression 

PkXi (0 [Pki Q<ki — {l — e)i4^^ P/e2 Q<fc2 —(1 —e)2^] 

We may always reduce the modulation of the output to size > 2^“%^, as follows 
easily from 3.4(a). Now we carry out the following decomposition 

PkXi{i')[PkiQ Pfe2 Q<fe2-(l-e)i^] 

— PkXi{i)[ ^ Pk2Q<k2 — {l — e)i'4^] 

kGK e —1 ^ 

_ (24) 

+ PfcX*(0[ ^ ( Xi,TKPki,KQPk2 Q<k2-(l-e)i^] 

KgiC e-i . 

T PkXi {i) I't'i {i, ^)PkiQ — — ^^2 Q <k2 — (l — e)i'4’] 

In the immediately preceding we let Xi,±K(t,x) localize to two slabs aligned or 
anti-aligned with k of length ~ 2* and thickness ~ 2*^* (the complement of Xi ±k 

within the ^-neighborhood of the physical light cone), and we let 4 >i(t, x) smoothly 
localize to the intersection of the complement of the ^ neighborhood of the light 


24 


ei 


More precisely, one needs to go to expressions of length up to 


lOOOOC • 
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cone and a box of dimensions ^ 2^ x 2^ x 2* (finite propagation speed and properties 
of the Fourier multipliers). We estimate 

— — ^^2 ^<^2 —(1 —11 


max-f fe, fci ,feo I ^ 

<2- 2 \\A 


I Pk2Q<k2'lp\ I |Pfei (5<fei_(l_e)i(/)| |l~L2 

I \ PkXi{^) [0i (^) 3;)-Pfcj (5<fei —(1 —e)i0V Pk 2 Q[k 2 + (€ — l)i,k 2 ]' 4 ’] 11 .0,1,1 




Now the first summand on the right hand side is immediately controlled^® from 
Proposition 2.2, while we estimate the 2nd as follows(modulo error terms of order 
of magnitude 2“^*): 

\\PkXi{^)[^ii^^ ^)PkiQ <ki — (l — e)i'P'^ Cco C[fc2 + (e—l)i,fc2] 11 -0,7.1 
max{fc, fc ,fe2 } 1 

^ \\PkX'i{^)[^'i{^j ^)^kiQ Cki—{l — e)i 4 ^^ -^^2 Q[fc2 + (e—l)i,fc2] V^] I 

max{fe, fci .feo } 

< 2-2-1 


i(^) ^)l I \PkiQ<ki-(l-e)i 4 ’\ I lP L^+ 


11^ a2Q[fe2 + (e-l)i,fc2]Xi(0'*/’l I L^+L° 


< 2 


max{ fc, ,k 2 } 




This is acceptable if we choose M large enough. Now we proceed to the other two 
terms in (24). Consider the hrst. We have for min{fci, ^ 2 , k} + 0(1) > j > k — ^ 


\\PkQjXi{'l')[ 

kGK f I , 


xl^.Pki ^2 Q<fe,_(i_,)X] 11 


X 



k 


< 2 


min{fe,fc]^ ,k2 } —j 


yj \\Pki,ii y]] 




Pki,i^Q<k,-(l- 


<fei-(l-e)i‘^IIPW[±S] 


keK, 


j —min{fc,fc-| -fc^} 


neKc-i. 


( yi l|V ^Pk2,kQ^k2-(l-e)i'^^^^FA*l±kX ’ 

ji — min{fe,fc-| 

2 


which is bounded by 2“^*. One can easily sum over j € [k — ai, k + bi], obtaining 
the desired estimate. If j > min{fci, A: 2 , k} + 100, say, then necessarily ki = k 2 + 
*^(1) = J + 0(1), since the inputs Xi, 2 fKPki,KQ^ki-(i-€)i^‘^ have modulation 
< 02“*^® << max{2^, 2^1^}. Then one can concurrently microlocalize the inputs 
to caps ki ^2 G -f^-ioo of distance ~ 1, and argue just as before. The 2nd term in 
(24) has to be decomposed further as follows: 


PkXiit)[ E Xi.^n^ki ,k.Q.( jN '^Pk2Q<k2-{l-e)M 

KgJC e-1 , 

= PkXi{i)[ E Xi,A^K.Pki,nQ E Xi,^KPk2,nQ ^k2-(l-€)i^^ 

/iCiCg — 

+ PkXi{t)[ E E Xi,iF«C:2,KQ<fc2-(l-e)X]] 

k£K ^ I ^ KgX e-l , 


^^One may have to shrink the size of |fc|, \ki^2\ if necessary. 
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For the first of the immediately preceding terms, we can estimate^® provided j < 
minj/c, fci, fe} + 0(1) 


K^K e — 1 . 


< 


K.^K e —1 ^ 


K^K e-1 . 


K^K e-1 - 


Using elementary geometry and the definition of P1 U[k], NFA*[k] etc., this in turn 
is estimated by 


< 2 


j — min{ fc >^2 } 


kGK e-1 


-(l-e)M\'NFA*[±K]) 


( E/ \\Pk,ii E/ Xi,:fK-f’fc2,«;Q<fc2-(l-e)i'*/'llpW[±K])^ 

j> — min{ fc ,fe>^2 } ^^ e — 1 


This can again be estimated by < 2 as desired. The case j > minjfc, /ci, ^ 2 } + 
0(1) is treated as before. Finally, we have 

mQMt)[ E 

kGK e —1 ^ 

^ ^ Xi,PK^fc2,KQ<fc2_(l_e)i'*/’]] I lLf/,2 

Kg jC e_i . 

< 2-Wi 


on account of the support properties of the (Fourier)multipliers. We deduce from 
this that the expression PkXi{t)[Pki4’'^~^Pk 2 '^] also satisfies the 2nd property of 
the lemma: simply apply (11) in addition to (23). ■ 

We can now conclude case (Lb.2). The preceding proof in addition to 3.4(g) 
imply that 

\\PkoQ<ko[RaPkiQ<koStplPk^~^ E ^J^k'^~^Pk2X^(t)'>p2RJPk3'4’3]]\\Nlko] 

i=i.2 

< \\PkMi\\sik,]\\PkI[V-^Pk2Xim2RjPkM\ .0,1,1 

One can sum over the admissible frequency ranges here (picking up factors 0(i)), 
which yields the desired result. 

(Lb.3): The third term in the expansion: 

PkoQ<ko[RaPkiQ<ko^HlPk^~^ E ^jk'^~^Pk2Xiit)'4’2RjPk3'<p3]] 

t=1.2 


^^Exploit the fact that only smears out the Fourier support by about 2 up to negligible 
error terms. 
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This is much simpler to estimate, on account of the strong Strichartz type estimates 
available for we have 


\\PkoQ<ko[RaPk^Q<ko^HiPk^ ^ X! ^Pk2X^{t)'4’2R]Pk3vm\L\H-^ 

i=i ,2 

^ \\PkiQ<ko^5i!i\\i,'^^LM\\XI~^Pk2Xi{i)^2\\LiLl+\\Pk3^3\\^Lt+ - 2“'^*Cfci 
(Lb.4) The fourth term of the expansion: 

PkoQ <ko\Pk3Q Kk^^ '*A3-f-ffc2+0(l) ^ Q<fc2 X* (0 V’2-Ra-Pfci Q<fco'^V’l]] 

This is straightforward by means of 3.4(a), 3.4(g): one estimates^^ 

I \ PkoQ<ko [-Pfca Q<fc3^ ^3-Pfc2+0(l)^^ Pk^QKk^Xi {t)'4’2RaPkiQ <ko^'f’l\\ \ I Af[fco] 

<|fco-A: 3 |||Pfc 3 V-V 3 |l .0,1,1 

\\[V~'^Pk^Q<k.,Xi{t)'^2RaPk^Q<ko^f^l]\\ .1,^,1 

<|fco-A: 3 |||Pfc 3 V-V 3 ||,o,i,i 


2"Ml^fei^V'illsMl|v-iPfc3Q<fe2XiWV'2|| .0,1,1 


^.7’ +A[k2\ 




(Lb.5) The fifth term of the expansion. 

PkoQ<ko [-Pfc3Q<fc3V”V3ffc3-^[V”^°^fc2Q<fc2+0(l)XiWV’2^affciQ<fco'^V’l]] 

This can be estimated by means of lemma 4.4: observe that we may throw an 
operator Q[k 2 +(e-i)i,k 2 ] in front of Pfc 2 < 5 <fe 2 + 0 (i)Xi(^)V' 2 , since in the opposite case 
we have 

\\PkoQ<ko [Pk3Q<k3'^~^'lp3Pk3l['^~^OPk2Q<k2 + {>^-l)iXiit)'4^2RaPkiQ<koSi’l]]\\LlH-^ 

< 2“''“||Pfc3(3<fc3V“V3llL2+j;^jo||V“^nPfc2Q<fc2 + (e-l)iXi(i)V'2||L2i2 ||-Pfci(5V’l||L“L~ 

< < 2-^*dfci 


for very large M, on account of the assumptions on ki,ko. Using lemma 4.4 we 
have 

I |-f*fcoQ<fco {RaPk 3 Q <k 3 ^ Q[fe 2 + (e —l)i,fc 2 ]Xi {t')'f’2Rj Pki 11 L\H~^ 

^2 ” I jPfcg V '(/’all ^ 2 + I |Pfc 2 Q[fe 2 + (e-l)i,fc2]Xi(0'*/’2 11 . o,.^,l I l-Pfci^V'l I Il*^L 2 ° 

2ife2 


Choosing M large enough results in the desired gain in i. 

(Lb.6): The sixth term of the expansion. This is similar to the third and hence 
omitted. The terms in the expansion (22) are simple variations of the same kind of 
reasoning and hence omitted. This concludes case (Lb). 

(I.c): None of (La), (Lb) hold but i < \ki\. This implies 1^2, 3 I, |fc| << i, and we 
may treat these as 0(1). We also have i < fti, and ki = ko + 0(1). Now we proceed 
in close analogy to the immediately preceding case. We may pull the multiplier 


^"^Recall the definition of 5 [fc] via ||.||yi[fc], IMlBifc]- Also recall that we may replace Pk2'>p2 by 
Pk2Q<k2^2 etc. 
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Xi{t) past the operator PkQI\7 ^ right in front of Pk 2 i’ 2 - Also, we may reduce the 
output and first input Pk-^d-ipi to modulation < 0(1): for example, one estimates 

\\PkoQ>o'^xAPkiQ<kiRaStpiV~^PkI[Pk2Xiit)'^2Pk3lp3]]\\ --i.-l.i 
< I \Pk^W l^li I \y-^PkI[Pk,Xiit)^2Pk,^3] 

on account of the proof of lemma 4.4, and the fact that by theorem 3.7 we have 

\\^-^PkI[Pk,x^m2PkMy,Lr < \\^-^PkI[Pk,x^m2PkM\ ..,^.1 

The estimate for when Pk-^RaSipi is replaced by PkiQ>kiRa'^\ is of course similar, 
since one may place this into and gains 2“"r. Then we resort to the null-form 
identities (21), (22). We wind up having to estimate the same types of expressions 
as in (Lb. 1-6), with our changed assumptions on the frequencies. We shall do this 
in a brisk manner here: 

(I.c.l): we need to exert some care not to lose in fep: use the proof of lemma 4.4 as 
above to obtain 

\\PkoQ<0{l)^[RaPk^Q<0{l)StplPk^~^ djl[y~^ Pk2X^(t)i’2RjPk3'>p3]]\\ 

i=l,2 <^0 

< \\Pk,Q<Oil)SMLrLl\\Pk^-^ Y djI[W-^Pk3Xim2RjPk3H\\L^,L^ 

1 = 1.2 

<\\Pk,Q<o(i)SMLrLi\\PkA-^ Y ^JI[W-^Pk3x^m2RJPk3H\\ 

J = l,2 

(I.C.2): This is estimated exactly like (Lb.2). 

(Lc.3): The argument is here is slightly more complicated than in (Lb.3); we argue 
as in (Lc.2): 

\\PkoQ<Oil)[RaPkiQ<Oil)^HlPk^~^ Y ^jH'^~^Rk2X^(t)i’2RjPk3i’3]]\\LlH-^ 

1 = 1,2 

< 2-'=«||Pfc,g<o(i)n<5iAi||i2i.||PfcA-i ^ d,I[W-^Pk3Xi{t)i^2RjPk3H\\L-Lr 

1 = 1.2 

<CfeJ|PfcA-i ^ ^,I[W-^Pk3X^m2RJPk3H\\ 

1 = 1,2 

(Lc.4): The argument here is more complicated than in (Lb.4) on account of the 
fact that we don’t get the desired exponential gain from simple application of 3.4(a). 
Instead, we shall have to resort to lemma 4.4. We split the expression into several 
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manageable pieces: first, using 3.4(g), we can estimate^® 

11-Pfco Q < O (1) [-Pfca <5 < fea ^ ~ Vs 

/□[V~^Pfc2Q[fc2 + (€-l)i.fe2+0(l)](Xi(OV’2).Rjf’fci-Ra<5'i/'l]]||jV[fco] 
l|V“^Pfc2(5[fc2 + (e-l)i,fc2+0(l)](Xi(i)V'2)|| .0 i,i| Vfci^a^V'lllsifea] ^ 2“^*Cfeo 

^fc2 

Next we reduce the large-frequency input Pk^Stpi to modulation < 2“*'^. For 
this, throw an operator Qy_is in front of the operator □ fall inside 

the inner square bracket and use the proof of lemma 4.4, placing the products 
PksQPk^Q<k2+{e-i)i{Xi{t)4’2) etc. intoL^L“ and PfciQ>-i5(5V'i into 

and the output into LlH~^. Next, we claim that we may apply an operator 
Q>-iS+c in front of the inner square bracket. Indeed, if we apply an operator 
Q^-iS+C} we estimate using 3.4(a) that 


WPkoQ < 0 {l)\Pk^Q ^3 

I^Q< — iS+C Pk2 Q<k2 + {e—l)i {Xi{^)^2)PaPki Q< — isS'4’l]] 11 Af[feo] 

<\\Pk2H\ 


Xk^ +A[fc] 


I \ ^Q < — iS+C -Pfc 2 0<fe2 + (e — l)i(x* (t)'4^2)Rj PkiQ < — iS^'4^l] \ | . o, - i ,l 

X, 


— iS — k2 


which is acceptable provided \k 2 \ is small enough in relation to i6, which we may 
always arrange. Thus we now reduce to estimating 

PkoQ <0{l)[Pk3Q <k3^ V^S 

k^Q> — iS+C Pk2 Q<k2 + (e — l)i(,Xi (j'^'4^2^PaPki Q<—i5^‘4^l]] 

We note that on account of lemma 4.4, we may estimate^® 
\\PkoQ<0{l)[Pk3Q<k3'^~^'tp3 

I^Q> — iS+c\S ^ ' Xi,^K-Pfe2,«;0<fe2-|-(e—l)i V* (0V’2).RQ.Pfci Q< —I |Af[fco] 

K^K e -1 . 

2 ^ 

^ I Vfc3V’3||s[fc3]ll-^°0>-i<5-l-C'[V~^ E Xi,^K.Pk2,K,Q <C^k2 + (e-l)i (Xi(0V'2) 

/■CgK e -1 - 
2 ^ 

RctPki Q< —II . 0, - i 17 


is easy to see that we may restrict P^^RaSipi to modulation < 0(1), so that we don’t lose 
from Ret- We shall omit this to streamline the formulae. 

^^We need to assume that <5 << e, which we may always arrange. 
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and one has (see the arguments in [23]) 

\\Pki+0{l)Q>—iS+C^ ^ ^ Xi,:fK'Pfe2,KQ<fc2 + (e— 

K^K e-l 
~2~^ 

11^ Pk2,k Xi,:pK-ffe2,K0<fe2 + (e-l)J^J^)^2)||pvi/[±/i])^ 

HGK -is+c-k2 kGK c-i . 

E \\Pkk.kQt-iS^H\%FA^l±k])^ 

kGK -iS + C-kr> 

Also, arguing as in the proof of lemma 4.4 and using the same notation, we can 
estimate 

\\PkoQ <Oil)[Pk3Q<k3'^~^'lp3 

I^Q> — iS+C [0i(^; x) V 0<fe2 + (e—l)j (Xi it)'4’2)RaPkiQ < — iS^'4^l\] \ \ L\H-^ 

< I [(/)* (t, x)Pk3 (5<fe3 v~ Vs I Lfpgo I \(j)i{t, a;)V~^Pfc2Q<fc2Xi(0^2| Lfpoo | [Pfej dxpi \\l^li 

+ ||()ii(t,a;)PaPfe3Q<fc3V”V3||L2p^||(/)i(t,a;)||pM^oo 

I I V“^Pfc2(5[fc2 + (,,_l)i_fc2] (Xi(h^2) I I^2+ I jPfciJV’l I lLt”L2 

This means we only need to estimate the following expression: 

PkoQ <0{l)[Pk^Q 

I^Q> — i8+C ^ ^ Xi, ,/t Q<fc2 + (e —Q< — 

/^G/sTe-i ^ 

Using 3.4(g), it suffices to estimate 

We have the identity^° 

g>_,5+c[V"^ E Xi.T«V"^Pfc3,«Q<fc^_^(^_l)JV’2)i?aPfciQEi<5^V'l] 

KG e-1 - 
2 ^ 

E 

— i5 — k2 

_Si-k2 ,dist(±/sii,±K2)~2 2 

2 

^>—2(5+0 [^k2,Kl'^ - E Pk2,KQ ^k2 + {e-l)i^''^‘^^P°‘Pk 1,1^2 

k^K g_ 1 . 

~2~^ 

One can move the multiplier Xi,K to the outside of this expression while generating 
error terms rapidly decaying in i and hence negligible for the argument. Hence 


^*^Again this requires that S << e. 
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exploiting orthogonality we may now estimate 

\\Q>-i5+c[ ^ ^ Xi,±K^ ^fe 2 .KQ<fc 2 + (e-l)i(^ 2 )-Ra-Pfei I 

kGK c-i , 

E [ E 

. -i5-k-2 

ki^2^K-5i-h2 ,dist(±Ki,±K2)~2 2 ,/sinKi^0 

-2- 

I |Q>-i<5 + c[-f’fe2,±/fl V -Pfe2,KQ<fc2 + (e-l)i^2-RQ-f’fel ,K2 Q<_i5'^'*/’l] I Il^L^ ] ) 2 

On the other hand, using (9), we can easily estimate that 

\\Q>-iS+C [-Pfe2,Kl ^ -f*fc2,'«0<fe2 + (e-l)i^2-Ra-Pfci,K2Q<_i5^V'l] I l-Lj-Lj 

^ 2 J 11 V“^Pfc2.KQ<fc2 + (e-l)i'*/'2 I \pW[±k] I |-Pfei,K2<3Ei<5'^^l I UfA[±S2] 

Plugging this back into the preceding inequality and using the definition of S[k, k], 
we arrive at the following: 

||(5>-j5+c[ E ^-Pfe2.KQ<fc2 + (£-l)j(^2)-RaPfciQ<_i5<5V’l]||L2i2 

Kg-fC e-l , 

<2^*2-^( ^ ||V-iFfc2.«Q^fc2+(£-ihV'2|Ps[,2.±.2])^ 

kGK e-1 . 

2 ^ 

k^K 

2 

It follows easily that this expression is < , which is as desired. 

(Lc.5): This is much simpler since a derivative has been moved from a high- 
frequency term to a low-frequency term. We use finite propagation speed and 
Hoelder’s inequality to conclude 

ll^'feoQ<0(l)[-Pfc3Q<fe3^~V3V“^n[Pfc2<3<fc2V'2].RaPfci^V'l]|lLjij-i 

<2-'=“2^*||Pfc3g<fe3V-V3lL2+^g„||v-in[Pfe2Q<fc2^2]IL|L~ll^«^fci^^illo“L^+ 

One can choose 6 = d{M) arbitrarily small so one gets the desired exponential gain 
in i. 

(I.C.6): This is the expression 

V"^Pfe2Q<fe2+0(l)'*/'2V"^Pfe3V’3nPfcig<0(l)^V'l 

One estimates this using 3.4(g) as well as lemma 4.4: 

\\PkoQ<0{l)[^~^ Pk2Q<k2+0{l)'ip2'^~^ Pk3'lp3^PkiQ<0{l)^'ipl]\\Nlko] 

<2fe-fel ^ ||Pfe(V-'Pfe20<fe2 + O(l)V'2V-lPfc3^3)||^0.i,3 

/i:<max{fc2,fc3}+0(l) ^ 

ll□Pfelg<o(l)<5■^/'lll .0,-11 

^ki 

The terms on the right-hand side of (22) are treated analogously. This concludes 
case (I.c). 
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(I.d): None of (La), (Lb), (I.c) hold. In that case we may assume |fci, 2 , 3 | = 0(1), 
|fc| = 0(1). One proceeds exactly as in the immediately preceding case (I.c), but 
has to argue differently for case (I.d.5): In that case, we split the expression into 
two manageable pieces: 

ll-Pfeo [-Pfe3Q<fe3V“V3V“^n[Pfc2Q[fc2 + (£-l)*.fe2]Xi(i)V'2].Ra^’fciQ<0(l)'^V’l]IU[feo] 

fc<max{fc3 ,fci }+0(l) ^ 

\\^[Pk2Q [k2 + {e-l)i,k2]Xi{l')'(^2] 11 . 

^1=2 

We have used here 3.4(g), 3.4(a), as well as lemma 4.4. Next, once Pk 2 'f ’2 is reduced 
to very low modulation, we can estimate 

ll^’feo [Pk3Q<k3'^~^^3'^~^^[Pk2Q<k2 + {e-l)^Xi{t)1p2]RaPk^Q<0{l)Hl]\\LlH-■^ 

^ ^2+^^ 11V ^[Pk2Q<k2 + (e-l)iXi{l')'4’2]\\L^Ll\\^ki^'f’l\\l^M 

This concludes the treatment of case (I). 

(II) : The term (III) . This is treated analogously to case (I). One invokes the identity 

d’'[R,2h ^ A-^dj[RJRjg-RjfR.g]] 
i=i.2 

= inV-i/r ^ A-^dj[RJRjg-R,fR,g] 

3 = 1,2 

+ la[V-^h A-^dj[RJRjg-R,fR,g]] 

3 = 1,2 

E ^~"^3^[R^fR39-R3fR^9]] 

3 = 1,2 

(III) : The sum of terms (11+VI). We frequency localize the expression and its 
inputs as in the preceding. If both PfciV’i, Pk^fiz are of the first type, we may as¬ 
sume that \kj\ « i, \k\ << i, due to lemma 3.16 as well as the trilinear estimates 
3.4(c). Now assume at least one of them is of the 2nd kind. Then the estimate is 
straightforward on account of the strong Lebesgue type estimates available: for ex¬ 
ample, assume that Pk^'ifi is of the 2nd type. We need to estimate the schematically 
written expression^^ 

Nx,tPko [Pk^ Pi.V'lV“^Pfc/[Pfc2(5'i/'2ffe3V'3]] 

In this case one has the estimate 

||V3;,iPfco [Pfej PkI[Pk26i’2Pk3il<i]]\\N[ko] 

^ 2 — Si\ki — ko\2^2[min{k,k2.3} — ’^a^^{k,k2.3}]~^ 

This is a simple exercise with the exception of the case when i/ = 0 and Pk^ PoV'i has 
large modulation, i. e. we replace this expression by PkiQ>ki+iooRoipi- Assume 

3ilt is to be kept in mind that the inner square bracket stands for a null-form of type Qi^j. 
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that ki » k, the other situations being similar or simpler. Then we have 
\\^x,tPko [-PfciQ>fci + 100-RoV'lV~^Pfc-f[-Pfc2<5V’2^\3V'3]]|U[feo] 

< 2 \ \Pka[PkiQ>kt + imRQ'4’l^~^ PkI[Pk25'4’2Pk3'<p3\]\\LlLl 

< 2“~ I iPfcg [Pfcj Q>fci + ioo^oV'l \\l^Li\ I V“^Pfc/[Pfc2 5'i/'2^'fc3^3] 11L? LOO 

e e 

Thus in that case, too, we may assume that maxj=o,... , 3 {|fc|, |%|} << i- Next, we 
claim that we may also reduce the modulations of all inputs to size < 1. Indeed, 
for example assume that the first input Pk^fpi has modulation > 1. Then we may 
estimate (using schematic notation) 

I l^’feo <3<feo (t) [fti Q>0-Ri/V'l ^ Pfc/[Pfc2 (5'i/'2, V’s]] 11 LiiL-i 

^ I l-Pfel Q[0,max{fe2,fc3}] V'l 11 • -i,l,2 I |-Pfc2'^’*/’2| IlPl?+I |-f*fc3Xi(^)'*/'3| ^ ^kg 

If, on the other hand, we replace PkoQ<ko by PkoQ>ko, we have to be careful when 
Pki'4’1 is of the 2nd kind. Then we first reduce both Pk^5'il)2, Pkg'^l’s to modulation 
< (which is straightforward), and estimate 

WPkoQ-^ko^ x,tXi{t)[PkiQ>oRu'^l^~^ Pkl[Pk2Q<Si5'4>2^ PkgQ KSii’sWW . 

^ko 

< 2-'^\\Pk, Q>oR.i’i I Il^li 11 V,,tV-^Pfc, Q<5.5V'2| Ilml2+ 

\\Xiit)Pk3Q<Sz'^x,t'^~^'ip3\\L^^ + L^ 

Assuming (as we may) that all the absolute frequencies |fc|, \ki\ as well as di are 
much less than (^ — ^)* and summing over these frequency ranges, one obtains 
from this and the definition of frequency envelope the upper bound < Cfco2“^*, 
which is as desired. The remaining cases are handled similarly. Now one reverts 
to the expansions (21), (22). The only term requiring different treatment than in 
case (I) is the 2nd term of the expansion. We record this with the appropriate 
microlocalizations as follows: 


PkoXiit)[Pk,Q<oi^i Y. ^~^djaiPk[w-^PkM2PkgM 

j=l ,2 

As before, we may innocuously move the localizer Xi(0 right in front of the inner 
square bracket [, ]. Then we decompose this term as a sum of manageable expres¬ 
sions, keeping in mind lemma 4.4, as well as the estimates in 3.4(a)-3.4(g): first, 
we have 


\\PkoX^{t)[Pk,Q[k^ + (e-l)^M]'^^ Y ^ ^djOIPklV ^Pk2S^p2Pk3^3]]\\N[ko] 

3 = 1,2 

< l|-Pfei(3[fci + (e-l)*,fci]X*(i)V'l|| .0.i,ill^[V~^Pfc2(5f/'2-Pfc3V’3]|| .0,^,1 ^ ‘2~^"Cko 

Similarly, one estimates 

\\PkoX^it)[PklQ<{<i-l)^+klill 

Y ^~^9jaIPk[V~^Pkg6-lp2Pk3Q[k3 + {e-l)i,k3]'^3\]\\N[ko] 
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It is further easy to see that one may reduce the output to modulation < 2“**^ 
for some very small^^ (5 > 0 (in other words, throw an operator Q<^-is in front of 
it), and also reduce the inner square bracket D/Pfe)...] to modulation > 

Further, one easily reduces the input to modulation < 2“*'^. One can then 

rewrite the expression as follows: 

PkoQ <—iS [xi (t) [Pki Q <(e—l}i+ki V’l 

^~^djaiPkQy_is+c['^~^Pk2Q<-is5'tp2Pk3Q<k3+(e-i)ii^3]]] 

i=1.2 

= E E 

—-15 —min{fc,fe} 

K1,2&K ,k) ,dist(zfcwi ,±^2 )"-'2 2 

Pko,KiQ <^-iSXi(i)[Pki,it2Q <^[e-l)i+ki^^ 

E ‘^~^^i^^PkQ>-iS+c['^~^Pk2Q<-isS'4’2Pk3Q<k3 + (e-l)ii’3]] 
1 = 1.2 

Now we have achieved the kind of situation in which the 2nd part of lemma 4.4 
becomes useful: indeed, we can estimate 

\\PkoQ<-isx^{t)[ E Xi.ifK-Pfel ,KQ<(e_ l)i+fci lAl 

WgJC e 1 . 

y] A-^d,aiPkQ^ -i<5+c[V ^ Pk^Q <-SiSlp2Pk3Q <k3 + (e-l)ii’3]]\\Nlko] 
1 = 1.2 

^ ' ll-Pfci.Ki ^ ' Xi.ripK-Pfci .KQ<(e_l)j_|_fcjl/’l I IpW[ki] 

^^ —1(5 —min{fei ,k} ^^^ e — 1 _• 

- 2 - 2 

I |-Pfc2Q<-l5*'^'*/’2 I Is[fc 2 ] I l-PfesV'sl I . 2 , 0 .i.! 

This furnishes the desired estimate < 2~^'^Cko- One similarly treats the contribution 
when Pk^tpz is replaced by X;± E^eiCe-i, i^*.T«;^'=3.«<3<fe3+(e-i)>3. Thus we now 
replace both Pki_3'ipi,3 by 

± KgJC e-l , 

respectively. Observe that on account of the rapid decay properties of the kernels 
of the multipliers etc., we can rewrite our term (up to errors of order of 

magnitude 2“^*) as 

E E ^’fco ,K2 Q<-i5Xi (^) [Xi.PKi Tfei ,K1 l/’l 

i i ^ — -i- 7 

^1,2^-^ e-l . ,dist(±/'Ci ,±/t2)<2 2 
2 * 

A-^^,^IPkQ^.u+c[y-^Pk2Q<-s^S^2X^,^.2 Pk3,K2Q^k3 + (e-l)i V’s]] 

i= 1.2 


usual, we choose ^ << e. 
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We can now invoke (12) as well as (25) in order to conclude that the preceding 
expression is bounded with respect to ||•||^r[fe^|] by 


< 2*^*2 


min{ , k } 


± 


E 

KieiCe-l . 




<{e-l)i+ki 


i’l 


\PW[±Ki]) 


(E E I IXi.T'«3^fel.K3Q<(e-l)i+fei V'l I lpW[±K3]) ^ I \P^‘2^'^‘2\\s[k-2\ 


On the other hand, it is easily seen that 


( E 11^ Pkr ,/*l -l)i + fcl^l|lpW[±Kl])^ 

K.I GK e-1 . 

2 ^ 


< 2 " 


\Pki^i\\ 




This implies that the preceding expression may be bounded by < 2“''*Cfco, as de¬ 
sired. This concludes case (III). 

(IV): The term (IV). This is similar to (II) and the preceding case (III). Details 
are omitted. We are now done with establishing Proposition 3.17 for the trilinear 
null-forms linear in the perturbation 6^p. 


(C): Estimating the trilinear null-forms at least quadratic in 6'ijj. The 
claim here follows directly from 3.4(c) in conjunction with lemma 3.16, provided 
any function Pkipi, present is of first type. The other case is treated just like for 
the expressions linear in Sip. This completes the trilinear estimates. 

4.5. The quintilinear and higher order terms linear in the perturbation. 

These turn out to be fairly simple to estimate on account of the favorable Strichartz 
type estimates available for the radial components We recall that these terms 
have the following schematic structure: 

C(5V'. [V'V-i (^ 2 )]]] 

= V,.t[<5V'V-i[V-i(V’V-i(V'2))V-HV'V-i(V'")]]] etc 

We have left out the other terms like E, F, in which Sip gets shifted to different 
positions. We treat here the first quintilinear term in the list, the other terms being 
tedious reiterations of similar computations. 

(A): We microlocalize this term as follows: 

'^x^tPko [PkJ'>P'^~^Pk2 [Pk3Ru'ip'^~^Pki [Pk3'<l’'^~^Pke.{Pkj'<pPks'<l’)]]] 
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We first dispose of the case when ^ = 0 Rutl^ has elliptic microsupport^^, i. e. is 
replaced by RoPk^Qyks+ioo'ip- Recall that the expression 

[Pk^ip'^~^Pk6 (Pkji^Pksip)] 

arises upon substituting the elliptic part for an input of the form Pki'tpj, where 
j ^ 0. We then rewrite this expression as Pk^'^Pj — Rj X]i=i 2 and are led to 
a term of the schematic form 


'^x,tPko[PkiSlp'^ ^Pk-2 [Pk3Q>k3 + imRo1pPki‘P]] 


We claim the estimate (under our bootstrap assumption) 

'^x,tPko [Pk^ 5lp\7~^Pk2 [Pk3Q>k3 + 10oRQi^Pk4i’]] 

^ 2-Si\ki-ko\2S2[mini=2,3,4,{^i}-'^^^i=2,3,4,{^i}] 

As usual, we may assume fco = 0. We first treat the case when k 2 < —10. Then 
consider the cases 

(a): ^2 G [ks — 10, k^ + 10] whence k 4 < k 3 + 0(1). Either Pk^i^ has modulation at 
least comparable to that of PkaQykaP’, or else either Pk^S-ip or the output has mod¬ 
ulation at least comparable. These are all similar, so we treat the first possibility. 
Write this contribution as 

x,tPko[PkiS')p'^~^ Pk2[Pk3QaRoP^Pk4Q>a+0{l)pj]] 

a>fc3 + 100 


Then we can estimate 

11 ^ ^ ^x,tPkoQ<ko l^ki Pk2 [PksQaPo^Pk4Q>a-\-0{l)^]] 11 LlH~^ 

a>fc3 + 100 

^ 'y \\Pki^'P^\\L’j^L^\\Pk3QaRo'P’\\L^L^\\Pk4Q>a+0{l)'P’\\L'^L^ 

a>k^-\-100 

^ ^ e e 

a>fc3 + 100 


irrespective of whether Pk 3 4 'ip’ is of the first or 2nd type. This is an acceptable 
bound. Similarly, we have 


II ^ ^ ^x,tPkoQ>ko\Pki^'4^^ Pk2{Pk3QaRoP^Pk4Q>a+0{l)P^]]\\ .-^,- 1,2 

a>fc3-|-100 '“0 

^ X! ‘^~^\\PkiS'ip\\L'rLl\\Pk3QaRo'ip\\L'rLl\\Pk4Q>a+0{l)1p\\ptL^ 

a>fc3 + 100 

a->fc3 + 100 

again an acceptable bound. 

(b): k 2 < ks- 10, whence k 4 = ks + 0(1). One proceeds as in the preceding case. 
Again treating the case when Pk 4 'ip 4 is at modulation at least comparable to that 


^^When 1 / ^ 0, this distinction is irrelevant. 
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of Pk^^s, we can estimate 

II ^ x,tPkoQ<ko[PkiS'lp'^ Pk2[Pk3QaRo^Pk4Q>a+0{l)'4’]]\\LlH-^ 

a>k3-\-100 

2^^ I iPkiHWL^Ll I \Pk3 Qa^oV’l I \Pk4.Q>a+0{l)'>P\\L^^Ll 

a->fc3 + 100 


which leads to an acceptable estimate. The contribution of PkoQ>ko is treated 
similarly. 

(c): The case fca < — 10. Rewrite the term as 

V,,tPfe„[Pfc,(5V’iV-iPfe,^Pfc3Ro(l - 1 )^] = 

'^x,tPko[PkiSlpi\/~^Pki'lljPk3RoQa1p] 

a>fc3 + 100 


Then one estimates 


11^ x^t^ko Q<ikQ \_Q>a— 10[PkiSlpiW ^Pfc4V']-ffe3^oQaV’]|lLjp-i 

< \\Q>a-lo[PkiStplV~^Pk4,i’]\\L'^Ll\\Pk3RoQa‘<P\\L^L^ 

£, min{a —fc 4 , 0 } 

< 2“ 2 2 4+ ||Pfei(5'i/'l||s[fei]||Pfc4V’4|| 0,1,1 

^fc4 +^[*4] 

2^2^(“-'=^)||Pfc3PoQaV'll 1-0,1 

T 

KA 


< 2” 


.0}2V 


~ ^k4 

€ 


One can sum over a > + 100 to obtain the desired estimate. Similarly, we have 


|Va;,tPfcoQ<fco [(5<a-lo[^’fci<5V’lV ^Pfe4V’]-Pfc3-Ro(5at 




< 


2 hlQ<a-lo[ffci<5V'lV ^Pk^'^]\\LrLl\\Pk3RoQa^\\L^^L- 




Cfci 


Next, as to the large modulation contribution of the output, we estimate using 
theorem 3.10 
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Now consider the case fe > 10, whence /ci = fe + 0(1). Again this only requires 
trivial modihcations: for example, one estimates in case + 0{1) 

II 'y ' ^x,tPkoQ<ko\Pki^'4’^ Pk'2\Pk3.QaRo'^PkiQ>a+0(l)'^\\\\L\H~'^ 

< ^ ‘^~^'^\\Pk^5'^l)\\L^Ll\\Pk3QaRo'lp\\L1Ll\\PkiQ>a+0(l)i’\\LlLl 

^3 + 100 

^ Z_^ 1 £ “ e ’ 

a>fc3 + 100 

and this is again an acceptable estimate. The remaining cases are more of the same. 
We conclude from this^^ that the estimate 

\\xi{t)Pko[PkM^-^PkAPk^{^ - i)Ro^yPkM\\N[ko] < 2-^'£feo 

holds, provided we have i < maxi= 2 , 3 , 4 {|fci|}. Now assume that max{|fc 2 , 3 , 4 |} << i- 
We shall treat this quantity as 0(1). Also, assume i ki. We also omit the 
operator V~^Pk 2 for simplicity’s sake, and estimate 

\\'^x,tPkoQ>ko[PkiStljPki‘<ljRo{^ - I)^\\N[ko] 

<2-^\\PkM\\LrLl\\Pk,i’Roil-imL^,Ll<‘2-^^^h,^ 

This yields the desired exponential gain in i. The contribution of the hyperbolic 
part is unfortunately a bit more complicated. First, observe that if a > Si, one 
estimates 

I \ ^x,tPkoQ<ko [Q <a—10 [Pki Stp Pk4'4’]RoQ a'4’\ \ N[ko] 

< 2~2\\Pk^6-tp\\L^L2j\Pk^'lp\\L^L^\\RQQaPk3i’\\LjL^ ^ 

which upon summing over a > Si results in the desired exponential gain in i. The 
case when Q<a-io is replaced by Q>a-w is similar (place the output into 
Now consider 


'^X,tPkoQ<koXl{t)[[PklSlpPk4fp]Roii - P)Pk3Q<Sitp] 

We have 

\\'^x,tPkoQ<koXiit)[Q<a-lo[PkiStpPk4'll}]Roil - I)Pk3Qa'll^]\\N[ko] 

<2-t||Pfe,5^|U=o^.||X,(t)Pfc,V’4||LrL”ll^’o(l-/)i"fe3Qa^lL?LS 

e 

Summing over a < Si yields an acceptable estimate. Now consider for k^ + 100 < 
a < Si 

'^x,tPkoQ<koX^{i)[Q>a-lo[PklS'^|JPk^iy]RQ{l - I)Pk3Qai^] 


^"^Applying the multiplier Xi(^) doesn’t affect the estimate for reasons explained earlier. 
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We first reduce Pk^Sipi to modulation < 2“ which is straightforward. We 
estimate 

11 ^ x,tPko Q<ko {Q>a—10 Q 

-Pfc4Q>fe+(«— l)i(Xi(0'*A)]-^o(l I hi^-l 

< 2~^\\PkiQ<a-100SlpPk4Q>k+ie-l)i{Xi{t)i’)]\\ .o,i,oo||.Ro(l - I) PksQ ai’W LI 

^ki 

< 2“2 ||Pfc^Q<a-l 00 iJ^||s[fei]l|-Pfe 4 Q>fe+(£-l)*(Xi( 0 V’)ll .o,l,i||-Ro(l - I)Pk3Qa'tp\\L^L 
<2-^2-^%,, 

using lemma 4.4. Next, borrowing notation form the proof of lemma 4.4, estimate 

11^ x^tPko Q<kQ {Q>a—10 \Pki Q<a— 100^'^4^i (^5 

Pk4Q<k+ie-l)z{Xi{t)'>P)]Po{^ - I)Pk3Qai^]\\LlH-i 

< \\PkiQ<a-10oS'lp\\L^Ll\\<l>i(t,x)Pk4-llj\\LjL^\\Roi^ - /)Pfc 3 QaV'l Il^LJ 

4” I |Q>a —10 [Pki Q<a—100^*004 (^5 ^^Q>k+{e—l)i'4^] I Il^L^ I |-^o(l ^)Pk3Qa‘4^ \ \l^ 

The 2nd summand may be estimated as in the immediately preceding since we may 
assume that |a|, |A:| etc are << ei. As to the hrst summand, we estimate it using 

mt)PkML^,Lr <2-^\ 

from which the desired estimate follows. Now one decomposes 

(1 - (piit, a:))Pfe,g<fc+(e-i)i(x* =Y1 xl^A,>^Qtk+(e-l)M^it)'^^’) 

± . 

2 ^ 

+E E ^ix^{t)i’), (26) 

± kGK c-i . 

and proceeds as in the trilinear estimates: plugging in the first summand on the 
right, we have 

||g>a-io[-Pfcig<a-ioo^V' E E X?.T«^fc4.«(3<fe+(,_l)4(Xi(i)V')]ll^0,i.oo 

± neATe-i. 

<( E \\Pk^MQ%a-100m%FA^[±.3])~^ 

2 

( \\^k4,k:4 E 4T«^fe4.«Q<fc+(e-l)i(Xi(i)V')llpiV[±S4])^ 

a-k^ KGK e-1 - 

- 2 - 2 ^ 

This can be estimated by < 2“^*Cfej, as desired. Plugging in the 2nd part of (26) 
is handled as in the trilinear estimates, exploiting the orthogonality of these pieces. 
This gives the desired estimate. The case when /ci << i is more elementary. One 
may always assume that PoV ’3 lives at modulation < 6i (argue as before), whence 
one may estimate 

\\'^x,tPkoQ<koX^(t)[[PklStpPk4^]Ro{^ - I)Pk3Q<Si^]\\LlH-^ 

^ \\Pki I L^ I \Pk4Xi{t'}'4’\ I pgo I |-Ro(l ~ I) Pk3Q <Si'4’ \ 
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Choosing ^ ^ » S results in the desired estimate < 2 Also, we have 

\\Vx,tPkoQ>koX^{t)[[PklS'^|JPkii’]Roi^ - I)Pk3Q<Si^]\\ . - 1 ,- 1,2 

^ko 

< WPkiStpWL^Ll\\Xi(t)Pk4i’\\L’^L^WPoi^ - I)Pk3Q<Si'ip\\L^Ll ^ 2~~Cki 

which is as desired. This finally concludes estimating the contribution when Rj^ip 
is replaced by P^g {l—I)R, 3 'ip. Thus we may replace PfcgPjy^ by Pfcg/Pjy^, whence we 
may discard JP^ for all intents and purposes. We revert to the original formulation 
of this term given by A{6il>,'ip), and decompose the innermost bracket into 
a Qiyj-type null-form as well as error terms at least quadrilinear by means of our 
standard Hodge-type decompositions, i. e. we write (using schematic notation) 

(^2) ^ R^-ip^Rj-ip'^ - Rjtp^ -1- 

+v-hV'V-hV'"))v"hV’V"hV’"))- 

Substituting the Q^j-form for now, we claim that we have the estimate 

||V,.tPfcg[Pfc,5V'V-lPfcJPfcg^V-lPfc,[PfcgV'V-lPfegQ.,(Pfc,^PfcgV')]]]l|iV[fe0] 

^ CkiCk 3 Ck 3 {Ckj + Ckg) 

2i5i[min{fc7,fc8} —max{fe7,fe8}]2'52[mini=2 elfei} —niaxi= 2 ,... ,6]{fet} 


To prove this, one needs to analyze the possible frequency interactions. By scaling 
invariance, we may assume fco = 0. The first step consists in reducing 
PkeQi^jiPkr'ipPks'ip) to hyperbolic microsupport, dealing with the contribution of 
(1 — I)Pk 3 Quj{PkTipPk 3 'P’)- The argument for this is given in the appendix^® of [23]. 
Then we deal with the following cases in schematic fashion: 

(A.a): k 2 < —10, = ke + 0(1), ks = k 4 + 0(1). We combine 3.4(b) as well as 

lemma 4.3 to conclude that 


mln{fcg 7 g} 

\\PkBQi^jIiPkj'4’Pks'4’)\\L^Ll ^2 2 ^ 

Next, we have 

\\PkAPk3^^~^Pk3m^l^3<^-'^‘^i E \\Pci’\\%Lr)^\\PkeA\\^Ll 

CeCfe 5 ,fc 4 -fcg 

< 2 ^ 2 ^ 2 -'=^|| P . g ^| U [, g ]|| P . gA ||, 2,2 


Finally, we have 


\\Pk3{Pk3^y-^Pk.A]\AlLl<^-’^A E 

C^Ck^,k2-k^ ^ 

<2^-^2^2-^^\\Pk3A\\s[k3]\\Pk.A\\ 4 


one of the inputs of Qvj{-) is of 2nd type, one use lemma 4.3 instead of 3.4(b). 



The proof of Proposition 3.17 


67 


We have used here that ^ WPci’iW'^ i ) ^ ^ ll-f’fe 4 V’ 4 || 4 .Combining 

these inequalities, we easily see that 

\\'^X,tPkoQ<ko [PklSlpV~^Pk2 [-ffe5V’V~^Pfee/Ql.j(Pfc7V'^fe8V')]]]llLlij-l 

< \\PkM\\LrLi\\Pk2[Pk2i^^-^PkAPk,i^^-^Pk,Q.jiPk,i’PkM]\\LiLi 

I l^fci HWl^LI I l-PfeaV'l \sik 3 ] I l^fcs^l hlfcs] (Cfe 7 + Cfcg )■ 

Moreover, we can estimate 

\\^x,tPkoQ>ko[PkM^~"Pk2[Pk,i^^-^PkAPHi’^~"PkJQ.j{Pk,i’Pksm\\,-h.-i.'. 


\\ ^ X,t-^ ^ /C2 L-* K3 r '' -t/C4Pfc5r'' ^ «7 ^ «8 ^ ^ J J J M ^ i , -1,2 

^fco 

<2-^2'=^||Pfe,<5^|Uoo^.||Pfc,[Pfe3V^V-lPfe,[Pfe,V'V-lPfce/Q.,(Pfc7V’i"fcBV')]]llL?Li 

fcQ min{fc6 78} , 

<2^--^2 -^- '^<^\\PkM\\LrLl\\PkM\LrLl\\PkMLrLl{5k, + Cks), 

One easily verifies that these estimates verify the claim in the case under consider¬ 
ation. 

(A.b): ^2 + 0(1) < ke << k^. In this case, we rewrite the term under consideration 


w^,tPko[PkM^~^Pk 2 [{Pk,i^^~^Pk,i’)^~^PkJQ.jiPk,i^PkM]]- 
Note that necessarily k^ = k^ + 0(1). We have 

\\w,,tPkoQ<ko[PkM^~"Pk 2 [{Pk 2 i’^-^Pk,m~"PkJQ.jiPk,i’Pksi’m\\LiH^^ 

4^01 .. 

< 2Tr-'=e I I |P<,3+o(i) (Pfe3 V'V-'Pfe,^) 11 M 

11 PkJQvj {Pk-r i’Pks V') 11L? L2 

Then we estimate 

\\P<ke+0(l)iPk3i’'^~^Pk5i’)\\ M < ^ l|-Pa(Pfc3V'V“^Pfc5V')ll M 

/>j. Xi-r -L/j. J-^T 

a<kQ-\- 0 {l) 

^ E ( E \\m\%LM)H E 

a<fe6+0(l) c£Ck^,a-k^ c£Ck^,a-k^ 

a<fc6+0(l) 

where 2+ = 2 + (M). Putting this together with the above estimate for 
IQi 2 j{PkjfpPksfp) easily results in the claim for this case as well. Replacing the 
operator Qcko by Q>ko, we have 

\\Vx,tPkoQ>ko[PkM^~"Pk2[iPk3i’^~"Pk3^)^~"PkJQ.j{Pk,i’Pk3i’)]]\\^-i.^^.- 

^ka 

<2'^-\\PkM\\LrLi\\Pk2[{Pk3i’^-^Pk3i’W-^PkJQ.APk.^Pk3n\\Lni 


4(fc2-fc5) 1 


min{fc6^7^8}-fce 


2 ^(^ 6 -^ 5 ) 2-T 


WPkJ'tpWh^LlWPk^^zWhpLlWPk^^bWL'^Llick-, + hs) 

This again verifies the claim. 

(A.c) : ke < k 2 + 0{1) « k^. Consider the case when the output is reduced to 
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modulation < 2^“, the opposite case being treated similarly. We rewrite the term 
as above and estimate 

min{kj^^}-Tna.yi{kj,k^} kQ~k2 k^-k^ 

^2 2 2 2 2 2 + Cfci Cfe3 Cfcs (Cfc7 + Cfcg ) 

This again yields the desired claim. 

(A.d): fcs < fee + 0(1)- This case is treated similarly and left out. The remaining 
frequency interactions are also simple variations of this kind of reasoning and left 
out. This establishes the claim for term (A){S'ip,'tjj). We immediately deduce that 
if we reduce the expression to dyadic time ~ 2®, i. e. we apply a multiplier xjt) in 
front, we may reduce almost all (logarithmic) frequencies to norm << z, i. e. we 
may assume Ifel, • ■ • , l^sl << z. We shall treat these frequencies as 0(1). In that 
case, though, we can argue rather simply: observe that 

^ I \PkiSlp\\L^Ll I l-PfcaV'l I l2+^oo I l-PfcsV’l IL|+ I -Pfee(-^**7 V’-Pfcg V") I Lf LJ 


We have used 3.4(c) as well as lemma 4.3. Similarly, we can estimate 

\\v,,tPkoQ>koX^it)[PkM^~"Pk.[iPk,i’^~"Pk,i’) 


<2 2 ||Pfe3(5z/>||i~i2 ||Xi(t)z/’3||Lt“L“ 

< 2-'^*£fco 


V-lPfc3/g,,(Pfc,Z^Pfc3Z^)]]]|| l._3.2 

^ko 

\\Pk^'lp\\L^L^\\PkeIQi^jiPkjtpPksi’)\\L^Ll 


We still need to consider the case when (z/>^) gets replaced by the error terms 
R,ytp\/~^{ip^)) etc. But this is straightforward: first, if = 0, one reduces 
Rotp to IRo'tp arguing as before; the latter is morally equivalent to ip. One then 
winds up with the following schematic expression: 

v,.i [Sipw-^[ipw-^[ipw-^[ipw-^ 


One can place two of the inputs ip into and two others into , 

respectively^®. Details are tedious reiterations of previously given arguments. This 
concludes the estimates for term A{6ip,ip). The estimates for the remaining terms 
'B{6ip,ip) etc. are more of the same. One invokes the weaker form of the improved 
Strichartz norms available for the spaces S[k] available by 3.4(f), which is good 
enough when combined with the stronger version available for the ip^. 


4.6. The higher order error terms at least quadratic in 6ip. Completing 
the proof of Proposition 3.17. We need to estimate expressions like A{6ip, ip) as 
in the preceding section in which at least one additional ip has been replaced by 6ip. 
Of course we no longer need to gain in time, but we need to obtain an estimate like 
in theorem 3.15 upon frequency localizing the expression and its inputs. This will 
eventually allow us to sum over all frequency interactions. The degree of difficulty 
of these terms varies depending on how many inputs 6ip are present, due to the 


^®One avoids losses for high-high interactions by interpolating with the improved L^L“-norms. 
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weaker nature of the estimates satisfied by these. However, we shall try to treat all 
of these terms in a uniform manner, as these estimates are not interesting in and of 
themselves. Proceeding as in [23], one introduces a null-structure into these terms 
by splitting all inputs into gradient and elliptic parts, just as before. Substituting 
the elliptic parts results in error terms of higher order, while the gradient parts 
contribute to the null-structure. Of course, as before one may apply this splitting 
to both the inputs 6^l) as well as ip. Carrying out this process a finite number 
of times results in the decomposition described in theorem 3.15. This theorem 
then ensures that all the resulting terms upon frequency localizing will satisfy the 
desired estimates, provided all inputs Pkii’ Etre of the first type. Our concern here is 
whether the same kind of estimates hold if they are of the 2nd type. Thus consider 
for example a typical quintilinear term of the form 

v.APkiHiPk2^~^[Pk,RM^-^[Pk,^PkM] 

The first step here consists in reducing R^Sip to the ’hyperbolic version ’ 
arguing as in the preceding subsection. Next, one applies the usual Hodge-type 
decomposition to the innermost square bracket replacing this by the sum of 
a Qjyj-type null-form as well as error terms at least quadrilinear. One treats the 
resulting quintilinear null-form just as in [23], resulting in the desired estimate, 
provided both inputs are of the first type. Now assume at least one is of 

the 2nd type. We first consider the expression 

v^APk^5i’iPk,v-^[Pk,R.i54>v-^PkAPk,4’^~A^ - i)QuAPk,4’PkM] 

If both Pkajip are of the first type, one argues here as in the appendix of [23], 
resulting in the desired estimate. If at least one of these inputs is of the 2nd type, 
one substitutes lemma 4.3 instead of 3.4(b) in that same argument. Thus we can 
now replace QujiPk^P^, Pkj'tp) by IQujiPkeP’, Pkjip)- If both Pkeji’ are of first type, 
one again argues as in [23] (these quintilinear null-forms are part of the expansion 
in theorem 3.15). If one of ^ is of 2nd type, the estimate becomes quite simple 
due to the strong estimates available: observe that then 

Repeating the usual frequency trichotomies, one gets from here that 

\\'^x,tPkoQ<ko [Rfci'^f/'lPfca V~^[Pfe3i?i//(5V’ 

V-lPfc,[PfcgV’V-l(l - I)Q,APke^PkM]\\LlH^^ 

^ 2-Si\ki-ko\2^2[xoLmi=2,... ,7{fci}-maxi=2.7{fei}]g^ 

x,tPkoQ>ko [PkiHlPkA^~^[Pk3RvIP'<P 

v-iPfc,[PfcgV’V-i(i - AQ^APk.P’PkMA ■ -^,-1,2 

< 2-Si\ki-ko\2S2[mini=2^,,, ,7{fei}-maxi=2. 7{ki}]~^ 

The remaining error terms are treated analogously. 

5. Appendix: Proof of theorem 3.10. 

We first check the algebra type estimate. Thus let V' 1,2 € 5(R^+^); we need 
to estimate \ \Pk[Pk3'ipi^~^Pk2p^2]\\s[k]- Of course we may assume that fc = 0. We 



70 


Joachim Krieger 


decompose 

Po[Pkitpl'^~^Pk2i^2] = PoQ<10o[Pki1pl'^~^Pk2'fp2] + PoQ>10o[Pkitpl'^~^Pk2i’2] 

We first consider the large modulation case, i. e. the 2nd summand on the right. 
Commence with the case ki > 10. We freeze the modulation of the output to dyadic 
size ~ 2^, and further decompose into the following cases: 

PoQl[Pkitpl'^~^Pk2i’2] = PoQl[PkiQ>l-10tpl'^~^ Pk2'4’2] 

+ PoQl[PkiQ<l-loi^l^~^Pk2Q>l-wi^2] + PoQl[PkiQ<l-loi^l^~^Pk2Q<l-wi^2] 


We treat each of the summands on the right: for the first, observe that irrespective 
of whether Pk^ipi is of first or 2nd type, 

\\PoQi[PkiQ>i-ioi’i'^~^Pk2^2]\ \. 

< 2(1-^)'I \Pk,Q>i-ioAW lili I \y-^Pk2H\LrLl 
When I > ki, one estimates this by 


a>l-10 


If, on the other hand, I < ki^ one estimates this by 

< I V'l 11.0.i.oo 11 v-iPfe,^^21 

^fci 

if Pkiipi is of first type, and by 

< 2(1-'^)'I|Pfc, \\^2^.+ 1|Pfc,V-V 2 1 Il^li 
if it is of 2nd type. Moreover, one estimates 

\\PoMi^-^H\\LrLi+ ^ 2-'^^\PkMLrLi\\Pk2i’2\\LrLi 
Next, one estimates the output with respect to | M l^i+^oo by interpolating between a 
crude estimate for gotten by placing the inputs into and a refined 

estimate for by using improved P(P“-Strichartz norms for the inputs, 

resulting again in a small exponential gain in ki. This yields the desired bound 
upon summing over ki = k 2 + 0(1) > 0(1), showing that this contribution to the 
output is of 2nd type. Now consider the third summand in the above trichotomy: 
we have ki = k 2 + 0(1) = I + 0(1) in this case. First assume both Pfe^ 2 V'i ,2 are of 
first type. We can decompose 

PoQl[PkiQ<l-10tpl'^~^Pk2Q<l-loi’2] = y] PoQl[PkiQ%i_iQlpl'^~^Pk2Q'^i-ioi’2] 

± 

= 'y ' y ' PoQl[Pki,K.iQPk2,K,2Q 

i Ki,2€-fC_fci ,dist(Ki,/si2)~l 

Now one estimates, using the definition of S[k, k]: 

iiE E PoQl[Pki,K,iQ — Pk2,H2Q I 

± Ki,2e-fC_A:i ,dist(Ki,/Sl2)~l 

^ E^ E ll'^fcl.«lQ</-loV'l|lpW[±Ki])^ ( E l|-Pfc2.K2Q</-10^ ^^^\\'nFA[±Ki])‘^ 

± Kieif-fcj K, 2 &K-ki 
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This in turn can be bounded by 

< z^2“'||PfeiV'ilU[fci]l|ft2V'2|U[fc2] 

Multiplying by results in an acceptable estimate. Now assume Pki'4’1 is of 

2nd type, say. In that case, we estimate 

\\PoQl[PkiQ Pk2Q <1-10^2 ]\\l^LI 

^ I l-ffcl Q</ —loV'l I 1 ^ 2 ^!+ I |-Pfc2^ V'2 ||l“L2 

Multiplication with again yields an acceptable bound. One estimates the 

output with respect to ||.||l“li as well as IMhi+Loo as before, showing that this 
contribution is of 2nd type as well. The 2nd term of the trichotomy is treated like 
the first. Now consider the case ki G [—10,10]. We decompose 

h) Q > 100 [Pfei V'l V “ ^ Pfc2 ■02 ] 

= h)Q>ioo[^fci'9tV'i^~^-Pfe2V’2] + ^b(5>ioo[-f’fciV’i^o^\2V'2] 

We claim that if Pk^ipi is of first type, so is the output. This is immediate when 
^’fc 2 V ’2 is of 1st type. Now assume that Pfca V ’2 is of 2nd type. If Pk^i^i has modulation 
> 2^°, this is again immediate. In the opposite case, one calculates 

11 ^’oQ>ioo [l^fei Q< loft i/ii V“ ^ Pfcj i/; 2 ] II l 2^2 

^ l|-Pfci(3<lo9il/>l||L~L2 ||V“^Pfc 2 Q> 10 l/’ 2 ||L 2 j;,~ 

Using the definition of B[k 2 \, one checks that the summation over k 2 can be carried 
out. Next, we use the first bilinear property in theorem 3.10(which will be proved 
later independently of this) to calculate 

l|-foQ >100 [^felV'l^ 0 -Pfc 2 V’ 2 ] 11 ^ 2^2 

~ ^ ll^oQ>10o[^cQ<loV’l-RoQ>9oV'2]|li2^2)2 

— fci 

One can sum over k 2 < 15, getting the desired bound. Control over ||.||l again 
follows via the Sobolev embedding. If is of 2nd type, so is the output. This 

is a simple repetition of arguments before. The case fci < —10 is more of the same, 
which finishes the large modulation case. Now consider PoQ<ioo[^feiV'i^~^-f’fc 2 ' 021 - 
First assume fci > 10, and both of first type. In that case, we claim 

that the output will be of 2nd type. We need to check that it is controlled with 
respect to both ||.||j^ooj;^i+ as well as IMI^i+^cxj. For the first norm, this is immediate 
from Bernstein’s inequality. For the 2nd norm, one interpolates between a crude 
estimate for gotten by placing both 2 01,2 into and an estimate 

for ||.||l 2 j^oo gotten by using improved Strichartz type norms for the inputs. The 
remaining improved Strichartz type norms constituting ||.||l are controlled from 
Bernstein’s inequality. Now assume Pfc^i/’i is of 2nd type. Then the output will 
again be of 2nd type, as is easily verified by placing Pfc 2 02 into P“P^. This 
concludes the case ki > 10. Now assume ki G [—10,10], in which case k 2 < 15. 
First assume Pk-^ipi is of first type. We claim that then the output will be of first 
type, irrespective of the type of Pfc 2 02 - Commence with the case when Pfc 2 02 is 
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of first type. We need to check the various parts constituting ||.||yi[o]- First, we 
consider ||.|| .o,i,oo- Freeze the modulation of the output and decompose 

PoQj[Pkitpl'^~^Pk2'^2] = PoQj[PkiQ>j-10fpl'^~^ Pk2lp2] 

+ PoQj[PkiQ<j-10'lpl'^~^Pk2Q>j-10'lp2] + PoQj[PkiQ<j-10^l'^~^Pk2Q<j-10^2] 

We start with the first term on the righthand side: estimate 

\\PoQj[PkiQ>j-loi’l^ ^Ffe2V'2]|| .0,1,00 

^0 

and one easily bounds this by 

\\Pki^l\\A[ki]\\Pk2i’2\\A[k2] 

Now consider the 2nd term in the above trichotomy. We can estimate this as follows: 

\\PoQ j[PkiQ <j— F/c 2 Q>j — loV’ 2 ] 11 -o.^.oo 
^ I \Pki Q<j-10'4’l I \l^LI \\'^~^Pk2Q>j-10lp2\\L^L^ 

< 2mi„{(i-^)(fe.-,).0}2min{i^,0} | | | | 

We have invoked the improved Bernstein’s inequality [37], [23]. Note that one may 
sum here over k 2 < 15 for fixed j < 100. Now assume that Pk2'4’2 is of 2nd type. 
Then we don’t use the preceding trichotomy, but divide into the cases k 2 > j — 100 
and k 2 < j — 100. In the first case, we estimate 

\\PoQj[Pk,^l^-^Pk2m^o,i.^<\\Pk.MLrLl\N~"Pk2ML^,L^ 

-^0 

< 2^“llPfcj^/>lll2l[fcqllPfc2V’2||B[fc2]- 
In the case k 2 < j — 100, we split 
PoQ3[Pkii^i^~^Pk2i^2] = PoQj[PkiQ>j-ioi^i^~^Pk2i^2] 

PqQ j\PkiQ<j—10'4^1^ Pk2Q^j — 10'4^2\ 
The first summand on the right is estimated just as before: 

||Fo(5jF’fciQ>j-ioV’iV“^Pfc2V’2]|| . 0 , 1,00 

^ 22 11^2^2 11 V”^Pfe2V’2||L“L“ 

as well as 

II Fo(5j[F\iQ>j-ioV’iV~^Pfc2'02]||^o,i,oo 

fe 2 <i-ioo ° 

< 25||Pfc^Q>j_loV’l|L2j;^2 ||V“V2 ||l“L“ 

As for the 2nd summand, we have 

\\PoQ j[PkiQ <j — lo4^1^ ^^2 Q>j — loV’2]| I .o.Too 

^0 

^'=2 

Thus we can estimate this contribution by 

< 2(^-'^)('=2-^) I [Pfc, V’l I Um I |i^fc2 V’2 I |B[fc2] 
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_ min{fc9|—j,0} \/' ■ j \ 

Observe that we have obtained the gain 2 s which allows us 

to sum over ^2 < 15. This concludes the estimate for ||.|| .o i.cx,- We still need to 

^0 

control the complicated null-frame part, as well as ||.||l. Thus fix I < —10, and 
—10 > A > ^, and consider an expression 

RgCo,k,x 

The following estimates are irrespective of the type of Pk 2 '>p 2 - Then we split this 
into a bunch of contributions: Observe the identity 

PRQ%2l\Pki^^^~^ P<2 .iQ <21'4’2] = .Pfl(3<2j-PfliQ<2i+0(l)V'lV~^-f’<2i(5<2/V'2], 

where i?i = (1 -|- Next, note that from the definition of ^[A:, k], we have 

\\PRiQ ^2l+0{l)^^\\s[k,±K] ^ y ] I l-Pjii-Pfci ,KiQ<2i+0(l)^l I hlfeji/t] 

^ y ] \\PRiPki,KiQ^2l+0(l)'^^\\sik,±K,i]j 

Note that ^ki C = k, the latter as in the definition of PW[k]. Hence the 
above inequality. Putting these observations together, we get 

|^|■'(E E \\pRQi2iMiy-^p<2iQ<2imiio,±.])^ 

kGKi RgCq^k,x 

E E \\PRQ<2iMlik,±.])'^\\^-^MLrLr, 

''^^^1 + 0(1) -R^C'o,«,x + 0(l) 

which leads to the desired estimate. Further, using 

\\PoQ<2l[Pkill^l'^ ^ P<2lQ>2l'lp2]\\ . 0 , 1,1 

+ \ \PoQ<2l[Pkii’l'^~^P>2li’2]\\ . 0,^,1 ^ WPkii’lWAlki] 

We can estimate 

iAr'(E E \\PRQt2i[Pk.^i^~^p>2iH\\lio,±.]^ 

R^Co,k,x 

^ I \PoQ%21 [Cci V'l V"^P>2iV’2] 11 .0,^,1, 

l^l”^(E E l|P«<9<2;[PfclV'lV~^P<2/<3>2iV'2]|||[0,±«])^ 

k^Ki i?eC'o,K,x 

< l|PoQE[PfeiV'lV-'P<2iQ>2/V'2]|| .0,1,1 

^0 

and so the desired estimate follows easily for the contributions of Pkii’i'^~^P> 2 ifp 2 , 
Pkii^i'^~^P< 2 iQ> 2 ifp 2 - The estimate for ||.||i is quite similar. This concludes the 
estimates when Pk-^ipi is of first type. If it is of 2nd type, so will be the output. 
This is straightforward to check. The case ki < —10 is a tedious reiteration of 
similar estimates and hence omitted. This concludes the proof for the assertions 
of theorem 3.10 as far as the estimates concerning ||.||5 are concerned. We now 
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proceed to the assertions concerning the bilinear estimates, as well as the estimates 
for 

We start with the latter, which follows from the refined assertion for the function 
(3 in the decomposition 

-f’fcQ<fe+0(i) ^V'2)] = Q; + /3 

To understand this decomposition, one expands into a Taylor series (us¬ 

ing real analyticity). One winds up with schematic expressions of the form 

etc. For the first type of expression, the previous proof 

revealed that the only contribution of 2nd type arises from high-high interactions. 
But for these it is straightforward to verify that they are controlled with respect to 
IMI . 0 , 1 , 1 ) see 3.4(a). Now one proceeds inductively, assuming the assertion to be 

true for both 2 V’i ,2 Vfci ,2 G Z, and considering Pk[Pki^i^~'^ Pk 2 '^ 2 ]- For exam¬ 
ple, considering high-high interactions, when Pk-ii^i is of 2nd type, one estimates 

\\PkQ<k+0(l)[Pk^i^l^-^PM\\ . 0 , 1,1 < 

< I |Pfc, ^>11 Um I ^>2 I |5M 

One can sum here over ki = k 2 + 0(1) > A: -I- 0(1), obtaining the desired estimate. 
In case of high-low interactions, one reasons as follows: assume Pk^ipi is of 2nd 
type. Then for j < A: -I- 0(1), A: = A:i -f 0(1), we have 

Pfc(5i[Pfci'0iV~V2] = PkQj[PkiQ>j-io^i'^~^P<j-ioQ<j-ioi^2] 

+ PfeQi[PfeiV'iV“^P<j-ioQ>i-ioV’2] + PfeQj[PfeiV'iV~^P>j-ioV'2] 

We estimate each of the terms on the right: for the first, we have 

II 'y ^ PkQj[PkiQ>j — P<j —lof5<j —10'^2] 11 • o,.^,i 

j<k+0{l) 

< ^ 2^ ^ ll^^feiQaV'l||L?Ljl|V-V2||LrL~ 

J<fc+0(1) —10 

^llJ^feiViill .o,i,il|v-V2||Lr^“ 

^ki 

Now consider the 2nd term on the right. We exploit the improved range of Strichartz 
type norms available for Pkiipi' 

||Pfc(5j[PfciV'lV~^.P<i-loQ>j-loV'2]|| . O.i.oo 

^2 = ||Pfci'!/'l|lL2^2+||V ^P<j_io(5>j-loV'2||L“LM 

< 2T^||PfciV’l|U[fci] 

One can sum over j < A;-1-0(1), resulting in the desired bound. Finally, the last term 
in the above trichotomy is handled similarly. One handles low-high interactions 
analogously. This shows that the desired property for jS is inherited from one stage 
of the expansion to the next. 

Next, consider PfcPo[V'i4l(V“^V’2)]- One expands i4(V~^^2) into a Taylor series. 
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and proceeds inductively. Assume one has sup^^gz ||Pfei?o'*/'i, 2 ||L“L 2 < C, and 
consider One rewrites this as 

Pfci?o[V’lV“V2] = ^ PfePo[ffeiV'lV”^Pfc2'02] 

fci >fc+10,fci — A;2+0(1) 

+ PfePo[-P[fe-10,fc+10]V'lV~^V'2] + PfePo[^’<fe-loV’lV“^P[fc -10,fc+10] V'2] 

One treats each of these terms separately: for the first, let the derivative dt fall 
inside, replacing this by 

II ^ PfeV"h^fei'9tV’lV"^Pfe2'l/'2 + PfeiV'l^oV’2]||L“L2 

fcl >fc+10,fcl—^2+0(1) 

^ X! [ll-Pfci-RoV'l|U”Lll|-f’fc2V’2||L“L2 + ||Pfejl/'l||L“Llll^0^’fe2V'2||L“L2] <C 

fel=fc2+0(l) 

Next one estimates 

||PfePo[-P[fe-10,fc+10]V'lV ^V'2 ]||l“L2 

< ||PfcV ^[P[fc-l0,fc+10]5tV'l^ ^V '2 + P[fe- 10 .fc+ 10 ]V'l^oV’ 2 ]||L“L 2 

^ I |-P[fe- 10 .fc+ 10 ]-RoV’l I \Lf>Ll 11 V“ V 2 I |Lt“L“ 

+ l|-P[fc-10,fc+10]^ ^V’l||L“Ljl|-Ro-f’<fc+15V’2||L“L“ 

Again one checks that this can be bounded by C. The third term above is more of 
the same. The assertion follows from this. We proceed to the bilinear estimates. 
For this we expand the expression 

Pfc[^/>iA(V~^^/> 2 )] as a Taylor series, obtaining terms of the schematic form tp, 
'tpW~^ip, etc. Consider a typical such term of the form 

Po[V’lV-V2V-V3...V-Va] 

This term will have a coefficient decaying like (a!)“^. Freeze the modulation of the 
output to dyadic size ~ 2^ If has modulation > 2^+^°, we can estimate 

||PoQ;^o[V'iV“V 2V“V3 ■ • ■ V“^(5>; + ioV'a]||L2i2 

^ 2'||g>,+o(i)[V>lV"V2V"V3 • . . V"Va-l]|L2i2 ||V"^g>i+10V’a||L?Lj+L?L~ 

< 2“2T 


Summing over I > 0(1) results in the desired upper bound. Similarly, we have 

II ^og/-Ro[V’lV"V2V~V3 • ■ • V"^Q[i_10.i+io]V’a]||L2i2 

1 > 0 ( 1 ) 

which is again acceptable. Thus assume now that 'V~^'ipa has modulation < 
2 ;-io j£ ^ .W~^ipa-i] has modulation > 2*“^°, repeat the same process with 
this expression instead of the longer one. Continuing in this fashion, one either 
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eventually^’^ forces ipi to be at modulation > 2^ or else one arrives at a situa¬ 
tion of the following sort: 

PoQl[Q>l-10{a-m-l)[Q<l-10{a-m)bPl ■ • • V"Vm]V"Vm-Hl] • ■ • V"Va] 

If has modulation > one argues just as before. One loses 

exponentially in m, which is counteracted by the small coefficient eventually applied 
to the expression from the Taylor expansion. Thus we may also apply an operator 
(5<;_io(a-m) in front of In this case, however, we can write 

PoQi[Q>i — 10(a—m—1) [Q<i — 10(a—m) [V:i...v-Vm]v-iQ<, — 10(a—■ ■ ■ V '^a] 

a—m )+O(l)Q</-10(a —m) m] 

^ ^l—10{a—m)-\-O(l)Q<l — 10{a—m)'4^m-\-l\ • ■ ■ V '4^a\ 

As to the first bilinear inequality in Theorem 3.10, we decompose 

— PkQ>k-\-10o4^ T E E Pk, kQ ^k+lOO^ 

± neAT-ioo 

Then we have 

( E \\PoQiRo[Q>i — 10(a—m—1) [Pi -10(a-m)+O(l)Q <l-10{a — m) [V’l... V 

m] 

cG.Ck,r 

^ Pl—10{a—m)-\-O{l)Q<l — 10{a—m)'^m-\-l\ • ■ ■ V '4^k]PcQ>k-\-100^ \ I^ 

^ Pl-10{a-m)+O{l)Q<l-10(a-m)'>Pm+l] ... V lpk]\\L^Ll\\PkQ>k+10o4'\\L^Ll 

^ 2min{ ^ ,0} 2^2^^^^ 


The loss in m will be counteracted by the small Taylor coefficients. Now consider 
the contribution of 

E E Pk,K,Q <k+ 100 'f^ 

± ne/f-ioo 


We have the identity 


PoQi [(5>i-io( a—m— 


a—m 

V 


)-\-0{l)Q<l—10{a—m) ['4^1 • ■ • V '4^m] 

^Pl-10{ a—m )-\-0{l)Q<l — 10{a—m)'4^m-\-l\ • • ■ V '4^k] 


= E E 

± Ki,2ei^-1005dist(/ti,/Si2)~l 

PoQl[Q>l — 10{a—m—l)[Pl — 10{a—m)+0{l),KiQ^l — lQ(^a—m)\-^^ ... V V^m] 

V -P/-10(a-m)+O(l),K2Q</-10(a-m)^"^+l] ‘ ^ 


may assume a << Z, since otherwise one gets a large gain in I just from the Taylor 
coefficient. 
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We may thus assume that either ±ki or ±K 2 has angular separation ~ 1 from ±k. 
Assume w. 1. o. g. that dist(±Ki, ±/v) ~ 1. Then estimate 


-W(a-m-l)[Pl-W{a-m)+0(l)Q<l-W(a-m)[4’l • ■ • V 

C^Ck,r 

^ -Pi —10(o—m)+0(l)Q</ —10(a—m)'*Am+l] • ■ ■ ^ V’fc] PcPfe,KQ<;fe_|_ioo*/’l ^ 

^2 11 [Pi-10(o-m)+O(l),Ki 0<;_io(o-m) hi • ■ ■ ^ V'm] 11 AfFA* [±k] 

Ih Pi —10(o—m)+0(l)Q</—10(a—I ^ ^ I |PcPfc,KO<fe+loo'^l I-PIV[±k] ) ^ 

< 2222+2*||V ^Pi- 10 (o-m)+O(l)Q<i- 10 (a-m)V’m+l||L“L 2 


We have used that 

11 [Pi-10(o-m)+O(l),Ki 0<;_io(o-m) ^1 • ■ • ^ V'm] | IatFA* [±k] 
^ ll[Pi-10(a-m)+0(l),KiQ</_io(a-m)hl ■ • ■ V V'm]|| . i,i 


< c 

-\-A[l —10 (a—m)] 


One can sum now over I, obtaining the desired estimate with a loss 2^°™, which 
is made up for by the small Taylor coefficient in front. The 2nd bilinear inequality is 
proved similarly, as is the version when A(V“^' 02 ) is replaced by A(V“^(i/> 2 V“^' 03 )). 
This completes the proof of theorem 3.10. 
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